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PREFACE

. MENSURATION is 80 important a subject, and its resmits are of
such practical utility in everyday life, that the ordinary course
of arithmetic often is, and always should be, followed by the
addition of rules and exercises on the subject.

The following pages, it is hoped, will supply a want
frequently felt by those who have had experience in teaching
the subject; and this book will be found to differ from those
manuals most generally used in the following particulars :—

(a) Except in one or two unimportant cases, where a know-
ledge of the higher mathematics is necessary, a simple proof
of every rule is given which can be easily mastered by all
students who have a good knowledge of arithmetic and an
elementary knowledge of algebra and geometry.

(b) The diagrams illustrating the various figures and solids
are very numerous, und have been carefully prepared with a
view to elucidate the text.

(¢) In addition to a very large number of examples at the
end of each section, several sets of examination papers have
been introduced at convenient stages.

(2) A set of very easy questions has been inserted at the
end. These can be used either for mental work, rapid revision,
or as easy exercises for beginners.



vi PREFACE.

It is hoped that the treatment of the subject as herein
exemplified will lead to a more intelligible knowledge of the
principles on which the rules of mensuration are based, and
that, besides supplying exercises for arithmetical aocuracy, it
will have an educational advantage, and render the subject an
effective means for mental discipline.

The number of examples is so numerous that it can hardly
be hoped the answers will be free from error. Great care has
been taken, however, to ensure accuracy. The author will be
thankful to receive any corrections or suggestions relating to
the book.

Rose HiLL ScrooL, BowDON,
Aori, 1892,
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LONGMANS’ SCHOOL MENSURATION.

BOOK 1.

MeNSURATION treats of the measurement of lengths, areas, and
volumes.

v« L—ON THE MEASUREMENT OF LENGTHS.

Lengths or distances are measured by the foot, yard, or mile,
Land is measured b{ the chain, which consists of 100 links, and

is. 22 yards in lengt

N Table of Long Measure.
12 in. =1 ft.
o!JGm—'Ht: 1 yd.
At ft.= 53yds.= 1 po.
66 ft. = 220 yds. = 40 po. =1 fur.
5280ﬂ: = 1760 yds. = 320 po. = 8 fur. = 1 mile.

3 miles = 1 league.

Table of Chain Measure.

100 lks. = 22 yds. = 1lch.
220 yds. = 10 ch. = 1 fur.
1760 yds. = 80 ch. = 8 fur,= 1 mile.

" Example.—How many chains will measure a distance of 5 miles 8 fur

15 po. ?
5 miles 8 fur. 15po.=1735x5;yda=115'522i§4

8
= !7—-5 ch. = 4383 ch. Auns.

chains.

(See Easy Exxncmns L A)
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EXERCISE I

1. Reduce 46 miles 5 fur. 24 po. 3 yds. to yards.

2. Reduce 839067 yds. to miles, etc.

8. In 14} miles how many feet ?

How many chains in 4 miles 3 fur.?

How many miles, etc., in 765 ch. ?

What distance in yards is 154 ch. ?

How many chains are there in 13 miles 3 fur. ?

In seven million inches how many miles, etc. ?

What is the difference in yards between 93 miles and 54} fur.?
10. What is the difference in feet between 1§ miles and 135 ch.?
11, In thirty thousand links how many miles?

12. How many chains in 5 miles 1 fur. 20 po. ?

O OIS o

II.-.ON THE MEASUREMENT OF AREAS.

An area is u surface enclosed by one or more boundaries or

lines.
Areas are measured by—
(i.) Square measure, sometimes called land measure.
(ii.) Square chain measure.

(i.)—Table of Square Measure (Land).

12in, x 12 in.
= 144 sq. in. = 1 sq. ft.
sq.

3 ft. x 3 ft. = 9 sq. ft. =1 8q. yd.
5} yds. x 5} yds. = 30} sq. yds. = 1 sq. po.
1210 sq. yds. = 40 8q. po. = 1ro.
4840 sq. yds. = 160 sq. po. = 4 10. =1 ac.

(ii.)—Table of Square Chain Measure.

100 lks. x 100 lks.
= 10000 sq. lks. = 1 8q.ch. = 484 sq. yds.
100000 sq lks. = 10 sq. ch. = 4840 sq. yds. = 1 ac.
640 ac. = 1 sq. mile.
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Example I.—How many acres in 3507025 sq. lks.?
8507025 sq. lks. = 35:07025 ac.
4

-~28100 0.
£

11240 po.
Ans. 35 ac. 0 ro. 115 po

Example II.—What is the measure of a fleld of 3 uc. when the aquare
whose sido is 11 yds. is the unit?

8 ac. = 4840 sq. yds. X 3
The unit of area = 11 x 11 = 121 sq. yds.

. No. of units = 4—[%0711-?' =120 Ans

(See Easy Exercises I. B.)

EXERCISE II

1. Reduce 17 ac. 3 ro. 34 po. to square yards.
2. In 905371 sq. yds. how many acres ?
8. Reduce 33# ac. to square yards.
4. Reduce 768595 sq. lks. to acres, etc.-
5. How many square links in 6% ac. ?
8. How mauy acres, etc., in 549 sq. ch.?
7. Reduce 15 ac. 3 ro. to square links.
8. Reduce to acres, etc., 5390785 sq. lks.
9. How many square yards in 25} ac.?
10. How many square yards in 58129 sq. in.?
11. In 29 ac. 3 ro. 15 po. how many square yards?
12. How many acres, roods, etc., in 4050500 sq. lks."
13. How many acres, etc., in 7093 sq. ch. ?
14. If the unit of measure is 1100 sq. yds., what is the area of a field
in acres, etc., whose measure is 22 ?
165. What is the measure of an acre when a square whose sxde is 22 yds.
is the unit ?
16. What is the unit of measure of a field when a ﬁeld of 10 ac.
measures 242?
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IIL.—ON THE MULTIPLICATION OF MEASUREMENTS.

The product arising from the multiplication of measurements may be
found in various ways.

(i.) By Fracrions.
Example.—Required the product of 5 ft. 8 in. by 10 ft. 10 in.

5 ft. 8 in. X 10 ft. 10 in. = 5% fu. x 10§ ft. = Y ft. x & = Yg sq. ft.

= 617 sq. ft. = 61 sq. ft. 56%341. iﬁ? Ans.

(ii.) By Repucriox.

Example. —Required the product of 4 ft. 7 in, by 8 ft. 11 in.

4 ft. 7 in. x 8 ft. 11 in. = 55 in. x 107 in. = 5885 sq. in.
=40 8q. ft. 125 8q. in. Ans.

(iii.) By DuopEciMaLs, sometimes called CRoss MULTIPLICATION.

Table of Duodecimals.

12 sq. in. = 1 twelfth of a sq. ft. or 1 superficial prime.
144 s8q. in. = 12 twelfths of a sq. ft. or 12 superficial primes = 1 sq. ft.

A square inch isa square surface measuring an inch long and
an inch broad.

A superficial prime, or one-twelfth of a square foot,is a rect-
angular surface measuring one foot in length by one inch in
breadth.

A square foot is a square surface measuring one foot in
length and one foot in breadth.

Therefore the product of

(i.) Inches by inches = square inches.
(ii.) Inches by feet = superficial primes.
(iii.) Feet by feet = square feet.

Example.—Required the product of 7 ft. 8 in. by 8 ft. 7 in.

ft. in.
7 8
8 7
61 sq. ft. 4 primes =T7ft. 8in. x 8 ft.

4 gq. ft. 5 primes 8 sq. iu. = 7 ft. 8 in. X 7 in.
65 8q. ft. 9 primes & 8q. in. = 7 ft. 5 in. X 8 ft. 7 in.
Ans. 65 sq. fi. 116 sq. in.

(See Easy Exencises 1. C.)
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EXERCISE IIL (A.)

. Multiply 5 ft. 11 in. by 4 ft. 7 in.

» Bt 7in. by 4 ft. 10 in.

» 4ft.5in. by 3ft. 9in.

» 18 ft. 9.in. by 14 ft. 7 in.

» 23 ft.8in. by 16 ft. 9 in.

»  2ft.9in. by 10 ft. 4 in.

» 17 ft. 8 in. by 13 ft. 10 in.

9 ft. 3 in. by 8 ft. 5 in.

» 15t 9 in. by 12 ft. 4 in. .
» 10 yds. 2 ft. 5 in. by 6 yde. 1 ft. 8 in,
» 15 yds. 1 ft. 10 in. by 9 yds. 9 in.
»  6yds. 2ft. 8in. by 5 yds. 6 in.

[

BREbowuppprop

IV.—ON THE DIVISION OF MEASUREMENTS..

The quotient arising from the division of the measurement
of a surface or area by a.length must give a measurement,in
length. '

Thus (i.) square feet divided by feet give feet.

(1i.) square inches dividea by inches give inches.
(iii.? tquare chains divided by chains give chains.
The 1esults, as in multiplication, are bbtained in seveial
ways. . B :

(i.) By Fracrions. .

EBxample.—Required the quotient of 36 sq. ft. 96 =q. in. by 6 ft. 8 in.
36 8q. ft. 96 8. in. + 6 ft. 8 in. = 36§ sq. ft. + 6§ ft.
'q et S ot Am

(ii.) By Repucriox.

Example.—Required the quotient of 106 sq. ft. 86 sq. in. by 8 ft. 4 in,

106 &q. ft. 36 8q. in. + 8 ft. 4 in. = 15300 eq. in. <+ 100 in.
v = 158in; = 12 ft. 9in. Ans.

EXERCISE IIL (B.)

1. Divide 29 sq. ft. 56 sq. in. by 7 ft. 8 in.
2 , 28q.yds. 6sq.ft. by 5ft. 4 in.
8. , 35sq. yds. 5 sq. ft. 48 sq. in. by 20 ft, 8 in.
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Divide 21 ac. 1 ro. 30 po. by 385 yds.

» 3% ac. by 242 yds.

» 1 8q. mile by 5 miles.

5} ac. by 32 ch.

» 3 ac. 34 po. by 5 ch. 14 lks.

» 180 8q. yds. 4 sq. ft. by 9 yds. 2 ft.
» 127 8q. yds. 4 sq. ft. by 12 yds. 1 ft.
1.  ,, 59 sq. ft. by 2} sq. ft.

» 90 8q. in. by 43 sq. in.

[
Somupop

V.—ON THE RIGHT-ANGLED TRIANGLE.

A triangle is a figure bounded by three straight lines.

A right-angled triangle is one which has one of its angles a
right angle.

The side opposite the right angle is called the hypothenuse.

The other two sides are called the base and perpendicular
respectively.

‘@) "To find the hypothenuse, the base and perpendicular bei
yp perp ing
given.

Let ABCbea rlfhtmngled triangle, having
ABC the right ang

Let AC the hypothenuse = h

Let AB the perpendicular =
h p Let BC the buase = b.

'lheu h’ =p?+ b (Buc. I 47))

R

RULE.—Take the square root of the sum
¢ ) g Of the squares of the base and perpendicular,

(®) To find the base when the hypothenuse and perpendicular are
given,
Now 2 + b’ = A3
b2=ht —p*=(h +p)(h—p)
b= N P=Nlh+p)(h—p)
RULE.—Take the square root of the difference of the squares of the

hypothenuse and perpendicular; or, Take the square root of the product
of the sum and difference of the hypothenuse and perpendicular.
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(©) To find the perpendicular when the hypothenuse and base are given.
Now p? + b2 =A%
Sp=R-B=(G+bG-D)
p=NB—B=NE+b)(h—0
RuLE.—Take the square root of the difference of the squares of the

hypothenuse and base ; or, Take the square root of the product of the sum and
difference of the hypothenuse and base.

Example.—The length of the hypothenuse is 27 ft., and of the base of a
right-angled triangle is 15 ft. : what is the length of the perpendicular?

p=AiF—b = JZi* = 16* = /(@7 + 15) (27 — 15)
=/ X12=4Tx6x6x2=06411=2244 ft. Ans.

EXERCISE IV.

Find the hypothenuse of the following right-angled triangles, whose
measurements are—

1. Base 3 ft. 4 in., perpendicular 2 ft. 8 in,

2. Base 7584 ft., perpendicular 3937 ft.

8. Base 2 ch. 20 lks., perpendicular 1 ch. 63 lks.

4. Base 15} yds., perpendicular 16} yds.

Find the remaining side of the following right-angled triangles, whose
measurements are—

5. Hypothenuse 6 ft. 9 in,, base 3 ft. 8 in.

6. Hypothenuse 8} fur., perpendicular 64 fur.

7. Hypothenuse 725 ft., perpendicular 644 ft.

8. Hypothenuse 3 ch. 13 lks., base 1 ch.

9. A ladder 36 ft. long stands erect close to the wall of a building.

How many inches will the top fall if the foot be pulled out 13 ft. from
the wall?

10. Barcelona is 188 miles N.E. from Valencia, and 570 miles N.W,
from Tunis : find the distance of T'unis from Valencia.

11. The sides of a garden in the form of a right-angled triangle are
133 ft. and 156 ft. respectively : find the length of the hypothenuse.

12. One end of a rope 52 ft. long is tied to the top of a pole 48 ft,
high, and the other end is fastened to a peg in the ground. If the pole
be ver:.ical and the rope tight, find how far the peg is from the foot of
the pole.

18. A wall 72 ft. high is built at one edge of a moat 54 ft. wide : how
long must scaling-ladders be to reach from the other edge of the moat to
the top of the wall ?

14. The houses in a street are 40 ft. high, and the street is 30 ft. wide:
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find the length of the ladder which will reach from the top of one of the
houses to the opposite side of the street.

15. Find the length of the perpendicular drawn from the vertex of an
isosceles triangle whose equal sides are 10 ft. and whose base is 2 ft.

16. A flagstaff 30 ft. high was broken over, and the top struck the
ground 18 ft. from the bottom of the staff: what was the length of the
part which fell ?

VI.—A. ON SURFACES.
DEFINITIONS.

A parallelogram is a figure bounded by four straight lines
whose opposite sides are parallel.

A rectangular parallelogram is one all of whose angles are
right angles. It is also called a rectangle.
. A square is a rectangular parallelogram which has all its
sides equal. ' : :

An oblique parallelogram is one having none of its angles
right angles. , '

Al rhombus is an oblique parallelogram having all its sides

ual.

A rhomboid is an oblique parallelogram having its opposite.
sides equal. '

VL—B. ON RECTANGULAR PARALLELOGRAMS.
" (i.) THE Squagk.
(#) To find the area, side being given.

. Let ABCD be a square whose sidle AB
A . 8 measures 4 units. It is evident that the sur-
1 face contains 16 square units.
Let A = area, and s = side.
Then A =2,

RuLe.—Take the square of the givon side.

(®) To find the perimeter, the side being given.
The perimeter of a figure is the sum of its
boundaries. ’
. Perimeter of a square = 4 times the
length of the side. :

RuLe.—Multiply the length of the side by 4.
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9
(© To find the side, area being given.
Nows? = A
e 8= J-Ao

RuLE.~—Tako the square root of the area.

(d) To find the diagonal, side heing given.
The diagonal of a square is the hypothenuse of a right-angled triangle
whose base and perpendicular are the sides of the square.
Let d = diagonal, and s = side.
Then d? = &% + &% = 2,2
cod=A2%E =52
RuLE.—Multiply the length of the side by the square root of 2.
(@ To find the diagonal, area given.
Now d2? = 252 from above
Ands?= A
S d2=2A
Sod= 4/ 2A.
RULE.—Take the square root of twice the area.

(f) To find the area, diagonal given,

Now 252 = g2
a2

. 22
A 2
Buts2 = A
d2

o A—E

_RuLE.—Take one-half of the square of the disgonai.

Example.—The rent of a square field at £2 14s. 6d. per acre amounts to
£27 5s, Find the cost of putting a paling round the field at 9d. a yard.
1 acre costs £2 14s. 6d.
. No. of acres = £27 5s, + £2 14s. 6d. .
.. Area in square yards = 27} + 23§ X 4340 ='{* X ) X 4840 = 48400
.. Length of oneside in yards = /48400 = 220 yds. :
220 x4 x 3
4

(See Easy Exercises 1I. B axp C.)

. Cost of paling = = 660s. = £33 Ans.
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EXERCISE V.

Find the area in square yards of squares whose sides are—

L 6} yds. 2. 13 yds. 8. 304 yds.

4. 83 ft. 5. 10 yds. 2 fr. 6. 15 ft. 8 in.
Find the area in square yards, etc., of squares whose sides are—

7. 12 yds. 2 ft. 8. 14 yds. 1 ft. 9. 8 yds. 1 ft.
Find the area in acres, etc., of squares whose.sides are—

10. 500 ft. 11, 110 yds. 12, 121 yds.
Find the area in acres, etc., of squares, whose sides are—

18, 12 ch. 25 lks. 14. 18 ch. 36 lks.

15. 3250 lks. 16. 26 ch. 35 lks.
Find the sides of squares having the following areas :—

17. 8649 sq. yds. 18. 6} ac.

19. 10 ac. 3 ro. 20 po. 20. 64°064016 sq. ft.
" Find the areas of the squares w e diagonals are—

21. 275 yds.  28. 1760 yds. 28. 9 ft. 9 in. 24. 1000 lks.
Find the diagonals of the squares whose areas are—

25. 7 &q. in. 26. 1521 sq. yds. 27. 5 ac. 28. 13 ac.

29. Find the length of the side of a square enclosure the paving of
which cost £27 1s. 6d. at 8d. a square yard.

80. Find the side of a square field containing 2 ac. 121 sq. yds.

81, Find the cost of turfing a square tennis-court whose side is 42 ft.,
at 64d. a square yard.

82. Find the area of a square whose side is 871 lks.

83. The sides of three squares being 5, 6, and 7 ft. respectively, find
the side of a square which is equal in area to the sum of the three.

84. What is the area of a square field whose side is 15 ch. 40 lks. ?

85. Find the side of a square field containing 10 ac.

86. What.is the length of the side of a square garden that costs
£33 16s. 103d., trenching at 24d. per square yard ?

87. The diagonal of a square courtyard is 30 yds.: find the cost of
gravelling it at 104d. for 9 yds.

88. The rent of a square field at £2 14s. 6d. an acre amounts to
£27 5s.: find the cost of putting a paling round it at 73d. a yard.

89. The diagonal of a square field is 875 lks.: find the side of another
square field which contains three times the area.

40. The diagonal of the floor of a square room measures 32 ft., and the
height of the roomn is 14 ft. How many yards of paper 945 in. wide
will be required to cover the walls, allowing 15 sq. yds. for door,
windows, etc. ?
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41. Of two squares, one measures-44 ft. more round than the other,
and 187 sq. ft. more in area. What are their respective sizes ?

(ii.) Tae RecraneLE (or OBLONG).

(a) To find the area of a rectangle.

Let ABCD be a rectangle.
If AB = 8 units, and BC = 4 units, it is evident the area of the
rectangle equals 8 x 4 sq. units = 32 sq. units.

[, 8

D

Let A = number of square units in area, ! = number of units in length,
and b = number of units in breadth.

Then A =1xbd
RULE.—Multiply the length by the breadth.

() To find the perimeter, length and breadth given,
Let P = perimeter.
Then P = 2 (I + b)

RuLE.—Multiply the sum of the length and breadth by two.

(o) To find the other side, area and one side being given.

A=bx1
:&0b=%
" A
(i) 1= 3

RULE.—Divide the area by the given side,
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(@) To find the diagonal, length and breadth being given.
Let d = diagonal
Then a2 = 2 + 3 (Euc. I. 47, and Sect. V. (a).)
sod =A/BFP : SR
RuLE.—Take the square root of the sum of the squares of the length
and breadth,

Example.—Find the cost of surrounding a bowling-green 80 ft..by 46 ft.
2 in. with a paved walk & yard and a half wide, at 2s. 8d. per square foot.
Area of howling-green and walk = (80 4 9) x (46} + 9) = 89 x 55} &q.
Area of bowling-green = 80 x 46} sq. ft.
.. Area of the walk = 89 x 55} — 80 x 46} = 132 aq. ft.
. Cost of the walk = 732 x 235, = 23 X § = 8244s.
= £162 4s. Ans.

(iii.) ON THE AREas oF Froors axp THE WALLS oF Roowms.

(a) Floors of rooms are generally squares or rectangles, and
their areas will be found by multiplying the length by the
breadth. ‘

(b) Walls of rooms are also generally squares or ractangles,
and their areas will be found by multiplying the total length
of the walls by the height of the room.

(¢) The length of carpet required to cover a floor equals the
area of the room divided by the width of the carpet.

Example.—A room is 15 ft. 9 in. long, 12 ft. 8 in. broad, and 11 ft. high :
find the area of the floor, and of the walls, and the number of yards of carpet
2 ft. 8in. wide required to cover it. .

(i) Area of floor = 18 8. 9 fn. x 12 ft. 8 in. = 16} x 12§ sq. ft.

38 399
=i Xg= = 199} sq. ft. Ans.

(ii.) Area of walls = 2 (15 ft. 9 in. + 12 ft. 8in)) x 11 ft.”
=981t 5 in. x 2 x 11 ft.

841 2 x 11 _ 3751
=28 X2x 1l = 12 =3 s8q. ft
= 625} 5q. ft. Ans.

- 4 266

(iii.) Length of carpet = 15 x 19§+ 2f = o x B x 2 =gy

A=y X3*9™ 3
=336 yds. = 29§ yds. Ans.

(See Easy Exgrcises 1I. A axp D.)
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EXERCISE VI.

Find the areas in square yards of the following rectangles, whose
sides are—

1. 17 ft. by 3 yds. 1 ft. 2. 10 yds. 1 ft. by 12 yds. 1 ft.

8. 7 yds. 2 ft. by 5 yds. 1 ft. 4. 2 yds. 2 ft. by 1 yd. 1} ft.

6. 6 yds. 1} ft. by b yds. 2 ft. 6. 8 yds. 1 ft. by 7 yds. 1 ft.

Find the areas in acres, etc., of the following rectangular fields, whose
sides are—

7. 7 ch. 4 lks. by 8 ch. 12 lks.

8. 10 ch. 80 lks. by 12 ch. 40 lks.

9. 11 ch. 25 lks. by 8 ch. 30 lks.

Find the breadth of the following rectangles, whose measurements
are—

10, Area 1 ac., and length 110 yds:

11, Area 1000 ac., and length 21 miles.

12, Area 5} ac. and length 32 ch.

Find the perimeters of the following rooms, whose measurements are—

18. Length 12 ft. 8 in., and breadth 10 ft. 9 in.

14 , 14fn3in, »  12ft 6in.

5. , 14 ft 7in, »  13ft.5in,

Find the areas in square yards of the following rooms, whose measure-
ments are—

16. Length 12 ft. 8 in., and breadth 10 ft. 9 in.

17. ,, 14ft. 3in, » 12 ft. 6 in.

18. , 14 ft. 7in, » 13 ft. 5 in.

What is the area in square yards, etc., of the walls of the following
rooms, whose measurements are—

19. Length 12 ft. 8 in., breadth 10 ft. 9 in., and height 9 ft. 6 in.

2. , 14f.3in, , 12ft.6in, ” 10 ft. 6 in.

21, , 14ft.7in, , 13ft.6in, »” 11 ft. 6 in.

22, A room is 26 ft. long, 17 ft. wide, and 15 1t. high: how many
yards of paper 24 in. wide will cover the walls, allowinz 10 sq. yds. for
door, windows, and fireplace ?

28. A rectangular field of 4 ac. 1 ro. 28 po. is 781} lks. in length.
What is its breadth ?

24, The breadth of a room is half as much again as its height; its
length is twice its height, and it costs 5 guineas to paint its walls at 1}d.
per square foot. What are the dimensions of the room ?

25. A rectangular grass plot measures 320 yds. by 160 yds. ; all ronnd
it is a gravel path 6 ft. broad. The price for making the grass plot is
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6d. per square yard. What must be the price of the gravel path per
square yard that the path may cost £1183 4s, less than the grass plot ?

26. A rectancular court is 120 ft. long and 90 ft. broad, and a path of
uniform width of 10 ft. runs round it. Find the cost of covering the path
with flagstones at 4s. 6d. a square yard, and the remainder of the court
with turf at 6s. 6d. per 100 sq. ft.

27. A room is 20 yds. 1 ft. 6 in. long, 15 yds. 1 ft. 6 in. wide, and
17 ft. 6 in. high : how much will it cost to paper it with paper § yd. wide
at 2}d. per yard? .

28. The sides of a rectangle are 16 ft. and 10 ft. Find to four places
of decimals the length of the diagonal of a square whose area equals that
of the rectangle.

29, Find what length of carpet § yd. wide will cover a floor 36 ft. 9 in.
by 24 ft. 6 in.

80. Find the cost of covering a floor 24 ft. 10 in. by 16 ft. 6 in. with
carpet # yd. wide at 5s. 6d. a yard. '

" 81. An oblong courtyard measuring 35 ft. by 24 ft. is paved with
oblong slabs each 24 ft. by 14 fr.. how many slabs were required ?

82. The cost of a carpet for a room 283 ft. long is £17 8s. 4d. at 5s. 6d.
a square yard : find the breadth of the room.

83, A room is 14 ft. 9 in. long, 12 ft. 6 in. wide, and 10 ft. 6 in.
high: find (i.) area of the walls ; (ii.) area of the floor ; (iii.) cost of covering
the floor with carpet 2 ft. 3 in. wide at 4s. 6d. a yard.

84, Find what length of drugget 83 ft. wide will cover a floor 27 ft. b in.
by 19 ft. 5 iu., and what the cost will beat 4s. 6d. a yard.

85. What is the area of the walls and ceiling of a room which is
14 ft. 7 in. long, 12 ft. 8 in. wide, and 12 ft. 3. in. high?

86. A room is 15 ft. 6 in. long, 12 ft. 3 in. broad, and 11 ft. high :
find—

* (i.) Area of the room in square yards.
(ii.) Area of the walls in square yards.
(iii.) Number of yards of carpet 2 ft. 3 in. wide required to cover
the floor.
(iv.) Coust of painting the walls and ceiling at 8d. a square yard.
(v.) Cost of covering the floor with carpet 4 ft. 6 . wide at
5s. 6d. a yard.

87. A room is 14 ft. 8 in. long, 12 ft. 6 in, broad, and 11 ft. 6 in.

high : find—
(i.) Area of the walls in square yards.
. (ii.) Area of the floor in square yards.
(iii.) Number of yards of carpet 3 ft. 6 in. wide required to cover
. the floor. :
(iv.). Cost of papering the walls at 43d. a square yard.
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(v.) Cost of pamt.mg the ceiling at 2s. 9d. a square yard.

(vi.) Cost of covering the floor with floor-cloth 5 ft. 6 in. wide at
23. 9d. a yard.

VIIL.—ON OBLIQUE PARALLELOGRAMS.

(a) To find the area of an oblique parallelogram, the length
and perpendicular height being given.

, Let ABCD be an oblique parallelogram.

" Now, parallelograms on the same base and between the s same parallels
are equal (Euc. I. 35). o 5 c

Therefore the area of the oblique
parallelogram ABCD equals the area
of the rectangle ABba.

Let A = area, ! = length, and
h = perpendicular height.

Then A=1Ixh A 8

RuLE.—Multiply the length of the base by the perpendicular height.
(%) To find the perpendicular height, the area and length of base

being given.
Nowilx h=A
A
..h=3

RuLE.—Divide the area by the length of the base.

(¢) To find the longth of base, the area and perpendicular height
being given.
Nowilx h=A
A

RuLe.—Divide the area by the perpendicular height.

(@) To find the area of a rhombus, the two diagonals being given.
Let ABCD be a rhombus having the diagonals A
AC and BD. : -5
The diagonals AC and BC bisect each other
in o at right angles (Euc. I.).

_ DR(Ao+0C) _ DB x AC

. Area 2 2
(See Sect. VIII. (a).) A \
RULE.— Take one-half the product of the two D [o]

disgonals.



16 LONGMANS' SCHOOL MENSURATION.

EXERCISE VIL

1. The diagonals of a rhombus are 88 yds. and 110 yds.: find the
area.

2. Find the area of a ganllelogmm whose length of base is 78 ft.,
and perpendicular height 42 ft.

8. The area of a rhombus is 500 sq. ft., the length of one side is 50 ft.:
whs‘c? is the length of the perpendicular on that side from the opposite
side

4. The diagonals of a thombus are 25 in.and 15 in.: find the area.

8. Find the area of a rhomboid whose base is 14 yds., and perpendicular
beight 5 yds.

6. Find the area of a parallelogram whose base is 242 yds., and
perpendicular height 70 yds,

7. The area of a parallelogram is 177 sq. yds. 5 sq. ft., and the n-
dicular height is 11 yds. 1 ft.: find the base. ’ perpe

8. Each side of a -rhombus is 24 ft., and one of the diagonals also is
24 ft.: find the area.

9. Find the area of a rhombus whose base is 12 ft. 10 in., and perpen-
dicular height 9 ft. 8 in.

10. What is the area of a parallelogram whose side is 2185 lks., and
perpendicular breadth 1426 lks.? .

111, A grass plot in the form of a parallelogram is 50 ft. long and 40 f*.
in perpendicular breadth : find the cost of turfing it at 4d. per square yard.

12. The sides AB and BC of a parallelogram are 28 and 18: if the
perpendicular from A on BC is 10, what must be the perpendicular from
Con AB?

18. Find the area of a rhombus whose side is 2 ft. 4 in., and perpen-
dicular breadth 932 in.

14. Each side of a rhombus is 65 ft., and one of its diagonals is 104 ft. :
find the area. :

15. The area of a garden in the form of a rhombus is 99 sq. yds., and
its perimeter is 108 ft.: find its perpendicular breadth.

16. The sides of a lawn, which is in the form of a rhombus, are each
50 ft. If the cost of making at 8d. per square yard amounts to £7 8s. 2d.,
what is the perpendicular breadth ? _

17. What length of matting § yd. wide will cover a room 39 ft. 6 in.
long, and-whose perpendicular breadth is 23 ft. 6 in.?

18. How much paper 21 in. wide will be required for a room 24 ft.
long, 18 ft. wide, and 12 ft. high, allowing. for a doorway 8 ft. by 43 ft.
and 3 windows each G ft. by 33 ft.? '
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VIIL.—ON TRIANGLES.

A triangle is a figure bounded by three straight lines.
m Aln equilateral triangle is one which has its three sides
equal.
An tsosceles triangle is one which has two sides equal.
Any side of a triangle may be regarded as its base.
The perpendicular hetght is the perpendicular on the base from
the opposite angle.

(2) To find the area of a triangle, the length of the base
and the perpendicular height being given.

Let ABC be a triangle, and A
BCde a rectangular parallelogram a
on the same base auc{m between the
same parallels BC and ed.
Now, a triangle and parallelo-
gnm being on the same base and
tween the same parallels, the
triang}% is oi:.e;l{;.lf the parallelo-
m (Euc. .
B et BC bo the base = b; and _° 0 ¢
Ao be the perpendicular height = A; and A = area.
bx h
Then A = 2
RULE.—Take one-half of the product of the base by the perpendicular
height. '

() To find the perpendicular height, the area and langth of the base

being given.
h
Now :h=
Ax2 2A
h= b b

RuLe.—Divide twice the area by the length of the base.
() To find the length of the base, the area and the perpendicular

height being given.
Nowb—;—h=A
. b‘Ax 2 _2A
T R

RuLe.—Divide twice the area by the perpendicular height.
[}
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(@) Tofind the area, the lengths of the three sides being given.

A Let ABC be a triangle having
its three sides AB=¢, BC = a,
aud AC = b.

Let the perpendicular AD be

drawn on BC.
Let BD = 2.
Then DC will equal @ — 2.
Now AD? = ¢ — 23, and
B D ¢ AD? = 8 - (@ - z)® (Euc. L

47,
S —f =P — (0 -2 =0 - a® + 2ax — 2?
‘. 200 = a® + ¢* — b?

2 — 2
,',a;=a—-ili-=BD
2a 242322
But ADB= 3 — 22 = ¢ — L)

(o4 :2+r2—b’)( a=+c= bx

2ac 4+ a? 4 2 — 2x2ac—a’—c’+b’
= 2a

a’+2¢1,c+c2 b2 b’—a"+2a¢:—c2
2a 2a
Y y —<a—c>=
2a 2a
_@tc+d(@at+tc—b@b+a—c(b—a+9)
1 4q?
.'.AD=‘Z¢-l~/(a+b+c)(a+c—b)(b+a-—c)(b+c—a)
But area of triangle ABC = BC x AD

2
o' Area of triangle

=2 Elt;af(a+b+c)(a+c-b)(b+a—c)(b+c—a)

_1
—ZA/(a+b+c)(a+c-b)(b+a—c)(b+c—a)

Nowleta + b + ¢ = 2s.
Then a + ¢ — b will equal 2(s = d), for @ + 6 + ¢ — 2b = 25 — 2b

Satc—=b =2(s~0b)
And a + b — ¢ will equal 2(s = ¢)
And b + ¢~ a will equal 2(s — a)
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.". Area of triangle '
=i4/28 % 2(s —b) x 2(s — ¢) x 2(s — a)

=§~/s(a-—b)(A-c)(c—u)= Ve(s—=a)(s =b) (s — ¢c)

RULE.—From half the sum of the three sides subtract each side
separately ; multiply the half-sum and the three remainders together, and
oxtract the square root of the product.

T Thus let the lengths of the three sides be a, b, and ¢ respectively
hen—
L.—Find half the sum of the three sides.

a+b+ec
7 =
11.—Subtract from this half-sum each side separately.
s—a=nr, s=b=m, 8—cC=14
II1. —Multiply the half-sum and the three remainders together.
’ 8X T X Ty X 14
IV.—Take the square root of the product.
Ner .57 = Area.
{¢) To find the area of an equilateral triangle, the length of
the side being given.

Let ABC be an equilateral triangle.
Let BC =5, and AD = A,

A
AD h
Then area of ABC= BC+ =% !
82 4g2 g2 32 i
2 = - —_—m—— H
But A2 = 2 7 ) 1 :
s h= 38’ 8 - i
SR TN ;
sxiJg :
2 2, H
<. Area of ABC = —— =Z‘/3 B 3) ¢

RuLE.—8quare the length of the given side, and multiply by one-fourth
of the square root of 3. ‘

Nore.—The square root of 3 is 1-732, and one-fourth of the square
root of 3 is *433.

(See Easy Exerorses III., A, B, axp C.)
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EXERCISE VIIL

Find the area of the following triangles whose measurements are—

1. Base 8.yds. 1 (t., height 5 yds. 2 ft.

2. Base 14 ch. 15 lks., height 12 ch. 24 lks.

8. Base 11 ft. 4 in., height 10 ft. 5 in.

4. Base 4068 lks., height 2010 lks.

6. If the area of a triangle is 300 sq. ft., and the perpendicular height
S ft., find the base.

6. If the area of a triangular field is 56 ac. 2 ro. 31 po., and the base
measures 35 ch. 68 lks., find the perpendicular height in chains, etc.

Find the areas of the triangles whose sides are—

7. 12, 15, and 18. 8. 64, 64, and 32.

9. 1000, 1100 and 1200. 10. 9, 1,and 1-1.

11. The base of a triangular field is 1166 lks., and the perpendicular
heig}%t is 738 lks.; the field is let for £24 a year: what is the rent per
acre

12. A triangle of which the three sides are 3161, 3111, and 560 is
equal in area to an isosceles triangle of which the altitude is 1220: find
the base of the isosceles triangle.

18. The base of a triangle is 48 ft., the height 20 ft., and one of the
sides 24 ft. : find the other side.

. 14. The perimeter of an eéquilateral triangle being 27 yds., find the area.

15. If the area of a triangular field is 1 ac. 2 ro., and the perpendicular
height is 750 lks., find the length of the base.

16. The three sides of a triangular field measure 500, 530, and 600
lks. respectively : what is the value of the field at £6 10s. per acre ?

17. What would be the cost of carpeting a triangular room the sides
of v(vlhoich measure 20 ft., 15 ft., and 17 ft. respectively, at 4s. 9d. a square
yard ?

18, A triangular garden has each of its sides 36 ft.: what is its area?

19, A triangular piece of ground whose sides are 500, 800, and 500
yds. respectively is let for £30: find the rent per acre.

20. Find the side of an equilateral triangle, supposing it costs as
much to pave the area at 9d. per square foot, as to fence the three sides at
5s. per foot.

21. The area of a triangle is 19 ac. 3 ro. 8 po., and the perpendicular is
18 ch.: find the length of the base in chains, etc.

22. The area of a triangle is 6 ac. 2 ro. 8 po.; its perpendicular is
826 lks.: what will be the expense of making a ditch the length of the
base at 2s. 6d. a perch ? )

28. The three sides of a triangular fish-pond measure 293, 239, and
185 yds. respectively : what did the ground cost at £185 per acre ?
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94. The sides of a triangular field are 10 ch., 8 ch., and 12 ch. : find
the perpendicular distance of its longest side from the opposite corner.

25. The perpendicular and base of a right-angled triangle are 357 ft.
and 476 ft.: find the area.

26. Compare the area of an equilateral triangle whose side is 5 ft.
long with the area of a square whose diagonal is 5 ft.

IX.—ON IRREGULAR QUADRILATERALS.

A quadrilateral is a fignre bounded by four straight lines.
An irregular quadrilateral is also called a trapezium

‘A trapezoid is & quadrilateral having two sides parallel.

(a) To find the area of any quadrilateral, the diagonal and
perpendiculars on it from the opposite corners being given.
-Let ABCD be a trapezium having diagonal AC and perpendiculars on

it from opposite corners Dd and Bb. o :

Then the area of the quadrilateral ABCD equals the sum of the
areas of the triangles ABC :
and ADC.

Area of triangle ADC
_AC x Dd

2
Area of triangle ABC
AC x Bb

2
.. Area of trapezium ABCD

=A_2C(Dd+Bb)

RULE.—Multiply the sum of the two perpendiculars by one-half th
diagonal
(b) To find the area of a trapezoid,.the lengths of the two
parallel sides and the perpendicular distance between
them being given. o -
Let ABCD be a trapezoid .
having CB the diagonal and Do D c
the perpendicular between the
swo parallel sides AB and DC.
Then the area of the trape-
zoid ABCD cquals the sum of
the areas of the triangles ADB A 0 B
ﬂ“d Dch o
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AB x D
Area of triangle ADB = ————-: 2
cD
Area of triangle DCB = _);_Do

.. Area of trapezoid ABCD = D_Zo (AB + CD)

RuLE.—Multiply the sum of the fwo parallel sides by one-half the
perpendicular distance between them.

(¢) To find the area of & quadrilateral when the four sides
and one diagonal are given.

The diagonal divides the quadrilateral into two triangles,
the areas of each of which can be found according to rule (Sect.
VIIL (d)). The sum of the areas of these triangles will give the
area of the quadrilateral.

(d) To find the area of a quadrilateral, when the lengths of
the two diagonals intersecting at right angles are given.

Let ABCD be a quadrilateral whose diagonals

- C AC and BD intersect at o at right angles.

g Then either of these diagonals may be

regarded as the sum of the perpendiculars

from the opposite corners to the other diagonal.

AC ACx BD
.*. Area ABCD = (Do + Bo) = >

RuLE.—Take one-half of the product of the

two diagonals,

EXERCISE IX.

1. In a quadrilateral ABCD, the angle at A is a right angle the sides
AD and BC are parallel ; AD is 76 ft., BC 30 ft., and the diagonal BD
104 ft.: find the area.

2. The area of a quadrilateral is 171} sq. in., the perpendiculars on a
diagonal from the angles which it subtends being 9 in. and 94 in. respec-
tively: what is the length of the diagonal ?

8. Find the area of a trapezoid the parallel sides of which are
25 in. and 15 in., and the perpendicular distance between them 1 ft.

4. Find the area of a trapezium ABCD, of which the sides are
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AB 28 yds., BC 45 yds., CD 51 yds., and DA 52 yds., and the diagonal
AC = 53 yds.

8. Find the area of a trapezoid whose parallel sides are 110 ft. and
95 ft., and the perpendicular between them 400 ft.

"8, Find the area of a field in the form of a trapezoid, the parallel sides
‘l)gl(‘):%k 300 lks. and 240 lks., and the perpendicular distance between them
8.

7. Find the area of a trapezium whose diagonal is 115 ft., and perpen-
dicular on it from the opposite corners 84 ft. and 25 ft. respectively.

8. Find the cost of a piece of ground, in the form of a quadrilateral
whose diagonal is 2 ch. 50 lks,, and perpendiculars on it from the
opposite corners 1 ch. 20 lks. and 1 ch. 80 lks., at 1s. 4d. per square yard.

9. ABCD is a trapezium, of which the diagonal AC is 325 yds., AB
= 123 yds,, BC = 208 yds., CD = 116 yds.,, AD = 231 yds.: find the
area in acres, etc.

10. Two sidesof a garden are parallel to each other, and measure 25 ft.
and 17 ft. respectively; the shortest distance between them is 27 ft.:
what will the rent be at 9d. per square yard ?

11, The parallel sides of a piece of ground mcasure 856 lks. and
684 lks., and their perpendicular distance is 985 lks.: find the area.

12, If the parallel sides of a garden are 65} ft. and 49} ft., and the
perpendicular distance between them 563 ft., what did it cost, at £325
10s. per acre ?

18, The sides of a trapezium are 335, 426, 387, and 321 yds. respec-
tively, and the angle contained by the first two sides is a right angle:
find the area.

14. ABCD is a quadrilateral; AB = 48 ch.,, BO = 20 ch., and the
diagonal AC = 52 ch., and the perpendicular from D on AC = 30 ch.:
find the area.

15. ABCD is a trapezium; BCis parallel to AD, and AB, BC,and CD
each equal 325 ft., and AD = 733 ft. : find the area.

16. Thediagonals of a rhombus are 88 ft. and 234 ft. respectively : find
the length of the side.

17. The area of a rhombus is 354,144 sq. ft , and the diagonal is 672 ft. :
find the length of the side. ,

18. ABCD is a field such that straight lines joining opposite corners
meet at right angles at F, and the lines FA, FB, FC, FD, measure 83, 97,
125, and 228 yds. respectively : find the area of the field in acres, etc.

19. The sides of a quadrilateral field are as follows: AB = 200 lks.,
BC = 6501ks.,CD = 905 lks.,and AD = 570 lks., and the diagonal AC =
800 Ik, : find the area of the field.

20. Find the area of a trapezoid whose parallel sides are 72 ft. and
38§ ft., the other sides being 20 ft. and 26§ ft. v
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X.—ON POLYGONS.

. A polygon is a figure bounded by more than four straight
ines.

A regular polygon is one whose sides and angles are all
equal.
A regular pentagon is a regular polygon having five equal
sides and angles.

And so, hexagon, heptagon, octagon, nonagon, decagon,
undecagon, and duodecagon are figures respectively with 6, 7, 8,
9, 10, 11, and 12 sides.

(z) To find the area of any regular polygon when the side of
the polygon and the radius of the inscribed circle are
given.

Let ABCDE be a regular polygon, having o the centre of the in-

scribed circle and oR the radius.
Divide it into as many triangles

.D a8 it has sides, by drawing lines from
A the centre o to each of the angles.
Let 7 = number of sides, and

r = radius of inscribed circle, and

s = length of side.
E c Then area of each triangle
_ABxoR sxr
2 -2

.. Area of all triangles

_BXEXT
2
.*. Area of polygon
A R B _nXsXT
2

RULE.—Multiply the perimeter of the polygon by half the radius of the
inscribed cirole.

(b) To find the area of a regular hexagon, the length of the
side being given.

Let ABCDEF be a regular. hexagon, and o the centre of the circum-
scribed circle,
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Divide the figure into as many triangles
as it has sides, namely six.

Each of these triangles is equilateral.

Let s = length of the side.

_ 2524/
.‘.Areaofhexsgon:%'gx 6 = s;/§

* RuLe.—Multiply the square of the side F
by ome-half of the product of 8 into the
square root of 8.

NoTe.—One-half of the product of 3 into
the square root of 3 =4 x 3 x 1732
598.

(9 To find the length of the side of an equilateral triangle inscribed in
a circle whose radius is given.

Let ABC be an equilateral triangle in-
scribed in the circle whose centre is o.

Take D, E, F, the centres of the arcs
AC, AB, and BC.

Join AD, DC, CF, FB, BE, and EA.

Then AEBFCD is a regular hexa-

gon.
Join 0B, oC, and oF. Let oF cut BC
in M.
oF

ThenoM:MF:Y

=§mmm

».BC=2MC =2 x MJ3 = oCA/3
RuLE.—Multiply the radius of the circle by the square root of 3.

(@) To find the area of an equilateral triangle inscribed in a circle whose
radius is given.
In the ahove figure let ABC be the equilateral triangle, o the centre of

the inscribed circle, and oM the radius of the inscribed circle, and oC of
the circumscribed circle.

Then area of equilateral trix'mgle ABC = perimeter x %E (Sect. X. (a).)
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But perimeter = 3opJ§ (Sect. X. (¢).)

oM _ o
‘nd—2 I oC  80C3
.%. Area of ABC = 30C4/3 x 7= _4_~/§

RuLE.—Maultiply the square of the radius of the circumseribed circle by
three-fourths of the square root of 8.

Nore.—Three-fourths of the square root of 3 = £ of 1732 = 1-299.

(® To find the side of a regnlar duodecagon inscribed in & circle whose
radius is given.

Let BC be the side of an equilateral
triangle, BF the side of a regular hexagon,
and FK the side of a regular duodecagon,
inscribed in the circle BDFC.

Let oC be given, it is required to
find FK. .

Now FB = oC
c FB

And FL =2 =% (Bue.1)
w Also oL? = oF? — FL3
PR o %0
K F = 4

ool = ——

AgainLK:oK—oL=oc_0024/3=oC(l_4/?3 =oc(2—2J3)

But FK = /FIZ ¥ LK? = '\/og + A2 = V3y
4 4

=%q\/1 +(2-~/:§¥=°§\/1+4-4~/3+3

C . - _
=%\/3-44/§=929\/4(2—4/3)= g;_qm
=oCy/2- V3

Rux.n.—ltul_tiply the radins of the circumseribed circle by the square
root of (2 — 4/3).

Nore.—The square root of (2 = 4/8) = 4/Z2 = 1732 = 4/-268 = "5177.
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EXERCISE X.

1. What is the area of a regular hexagon whose side is 9 in.?

2. What is the area of a regular pentagon whose side measures 92 ft.
6 in., and the radius of the inscribed circle is 63 ft. 8 in. ?

8. What is the area of a regular heptagon described about a circle of
9 ft. radius whose side measures 8 ft.‘?

4. What is the area of a regular hexagon of which each side is 30 ft.?

8. What will the paving of the floor of an octagonal room with marble
cost at 4s. 6d. per square foot, each side of which measures 9 ft. 6 in.,
and the nearest distance from one of its sides to the opposite side being
22 ft. 11 in. ?

8. The radius of the circle is 1 ft.: find the area of a regular polygon
of eight sides inscribed in the circle.

7. Find the perimeter of a duodecagon inscribed in a circle whose
radius is 2 ft.

8. Find the perimeter of an equilateral triangle inscribed in a circle
whose radius is 2 ft.

9. Compare the perimeter of an hexagon with that of a duodecagon
inscribed in a circle whose radius is 3 ft.

10. Find the area of a regular hexagon inscribed in a circle whose
radius is 50 ft.

11. What is the length of the side of a regular duodecagon inscribed
in a circle whose radius is 10 ft.?

12. What is the area of an equilateral triangle inscribed in a circle
whose radius is 10 ft.?

13. What is the length of the side of an equilateral triangle inscribed
in a circle whose radius is 5 ft.?

XI.—ON IRREGULAR RECTILINEAL FIGURES.

To find the area of any irregular rectilineal figure.

Let ABCDEFG be any irreﬁular figure.

It may be measured by taking a diagonal AE. This line is called
a base line. From this base line take perpendiculars to the corners, 5B,
9G, ¢C, fF, dD. These are called offsets.

These measurements are entered by surveyors in a Field Book, and
are taken by the chain and entered in links.

The Field Book is arrunged in three columns. In the middle
column, commencing from the bottom, are entered the distances
from the starting-station, measured on the base line of those
points from which offsets are taken. In the right and left hand
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columns respectively are entered the right and left hand
offsets.
The Field Book is used to record, besides these measured

F

L

c

lengths, various. other particulars which may be useful in
drawing a plan of any field or estate. :
In the above figure, if it be taken to represent a field, the
entries would be made in the Field Book thus:
i To E.
700
600 150 to D
To F 350 500
: 350 250 to C
To G 250 150
100 200 to B
From A | go cast.

The area would then be found thus:

150 x 2
Area of triangle AgG = %@ = 18750 sq. lks,
»  trapezoid gfFG = (250 + 850) x 32—0 = 105000 ,,
5

, triangle FfE = 300‘+200 =.35000 ,,

100 x 200
., trisngle ABB = ———:— = 10000

. 250

»  trapezoid dBCc = (200 + 250) x — = 56250 ,,

Carrjed forward .. 225000
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Brought forward ... 225000 sq. lks.
Area of trapezoid ¢cCdD = (250 + 150) x 2—22 = 50000 ,,
1

, triengle dDE = 10—’2‘—1—59 = 7500
Total 282500 ,

282500 sq. lks. = 2°825 ac.

4
3-300 ro.
40
120 po.

Ans. 2 ac. 3 ro. 12 po.

The same irregular figure or field might have been measured
in a different manner, by
taking three base lines,
GF, FC, and CG, and at
¢ in base line GF taking
an offset to C, and at ¢ and
d respectively in base line
FC taking offvets to E and A
D, and similarly in base
line CG taking, at b and a,
offsets to B and A.

If great accuracy is re- c
quired in the measurement of a field, two different surveys are
frequently made, when one serves to check the other.

Frequently in actual land-surveying the areas of lakes or
woods are required, when it is often impracticable to take base
lines through the area to be surveyed. Then base lines must
be taken surrounding the area, and insets taken from these base
lines to the various points in the boundaries. It will be
advisable to surround the area, as it were, with base lines
forming a trapezoid.

Suppose the figure on page 30 to represent a mere whose
area is required.

Take base lines AB, BC, CD, and DA. Let. AD and BC
be perpendicular to AB. Thus a trapezoid is formed. From
the area of this trapezoid the necessary deductions must be
made for the insets measured on the various base lines.

On base lines AB, insets will have to be taken at 1, 2, 3, 4,
and 6. At 4 the entry in the Field Book would be 0, as it
touches the base line.
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On base line BC, insets would be taken at 1, 2, 3, and 4.
The entries in the Field Book at 2 and 4 would be 0, as here
again the boundary touches the base line.

Al
On base line CD, only one inset is needed at 1.
On base line DA, at 1, in the Field Book, 0 would be entered,

and insets would be needed at 2 and 3.
The Field B:ok would be entered thus:

I To A
i 760
— @3) 50 | 650
— (2) 250 . 300
—@ o ! 100
. From D | right angles to AB
To D
1050
— (1) 150 , 800
. From C
ToC
‘g0
@ 0 ' 750
—(3) 7 | 600
(2 0 | 400
— (1) 100 ., 250
| From B | right angles to AB
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To B

950

— (b) 250 850
4 O 650
—_ 200 450
—_ g 75 250
— (1) 100 50
From A

go east,

The area would then be found thus:

Area of trapezoid ABCD = (750 + 900) %0 = 783750 sq. lks.

Deductions on base line AB,
Triangle (a) = ’;100 = 2500
Trapezoid (3) 115"72"-0 = 17500

oo
o TBX20_ g
Triangle (d) 200-—;—%0 = 20000
. ® _20_0_;&59 = 25000
) —19'%25—0 = 12500

Deductiohs on lés,se linfogc.
Triangle (5) —a—" = 12600

350 x 75
., ® °2 = 18125

Deductions on base line 5gD-
Triangle (3) 10—5’22‘i- =

Deductions on base linze DA.

0
Triangle (%) 5-5-9—’2‘-i = 68750
Triangle () 129_’;ﬂ =

105000

25625

78750

71250

280625 sq. lks.
Arca = 503125

”
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503125 sq. lks. = 503125 ac.
4

12500 ro.
40

5000 po.
Ans, 5 ac. 0 ro. 5 po.

EXERCISE XI.

1. Find the acreage of a field ABCDE, the measurements of which
are, AB = 280 lks., BC = 450 lks., CD = 270 lks,, DE = 250 lks., BG
(a perpindlcula.r on ED) = 380 lka., and AC (being parallel to ED)
= 630 lks.

Draw the plans and find the areas of the fields whose measurements
are given in the following Field Books:—

2. To B 8. ToB
600 1278
To G 200 560 ToE 116 | 1094
To F 150 480 944 200 to D
470 150 to E ToF 90 764
To D 100 380 ‘544 154 to C
100 200 to C To G 200 388
From A To H 352 248
From A
4 8. 915 144
To D 200 729
538 : 670 100
ToC 66 400 236 543
From B | on left 460 183
To B 192 400
629 262 115
To D 295 179 304 200
From
6 To B
To B 60 380 20
2243 4 260 100
2000 4 180 7
To C 728 1785 60 100 10
: 1000 20 80 60
560 624 to D 0 50
From A From A
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50
10.
i
24
68
66
95
0
55
12.
To F 140
To E 150
To C 100

785

40
10

30
go N.W.

100
160

130

80to H

200 to D
150 to B

To D
0 750

To C 360 680

350

To B 250 200

0 000
From A

9.
To E
1125
To D 260 750
625
To B 230 300
From A

11
234 1005

312 700
215 460

336 260
360 0

13.

To G 140 560
To F 150 480
ToD 50 380

80to B
42010 F
0

250 to C

126

52
125

152
100

232
go east

170 to B
150 to O
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15. Find the area from the following Field Book of a wood whose
wmeasurements must be taken entirely from the outside.

To A
300
From D | go at right angles to CD
| ToD
| 800
Tok O 550
To s 100 450
Toh O 350
From C | go at right angles to CB
To C

750

From B | go north
To B

0 900

To d 200 750

Toec O 600

Tod O 450

a 150 350

From A | go ES.E.

16. ABCDE is a five-sided field, and the angles at B, C, and D are
right angles. AB = 20 ft,, BC = 18 {t., CD = 32 ft,, and DE = 13 ft.:
find the length of the remaining side and the area of the field.

17. ABCD is a quadrilateral field. AB measures 48 ch,, BC =
20 ch., AC = 52 ch,, and the perpendicular from D on AC = 30 ch.:
find the acreage of the field.

18, In a five-sided enclosure ABCDE, the following measurements are
taken in chains: AB=14, BC=17, CD =10, DE =12, EA =5,
AC =17; the angle at E is a right angle: find the area of the
enclosure.

XII. ON SIMILAR RECTILINEAL FIGURES.
(a) Triangles.
Triangles are similar when—

i.) They are equiangular; or,
gii.) They have their sides proportional,
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Lot ABC and DEF be two similar triangles.
Then AB: BC :: DE : EF.
And AC: AB:: FD: DE, etc. (Euc, VL)

F

A B D E

If, therefore, two sides of one triangle be given, and one corresponding
side of a similar triangle, the other corresponding side can be found,

Let AB =5 in., BC = 4 in., and DE = 8 in. .
Then 5:4::8; EF .'.EF:S);
Let ABC and DEF be two similar triangles.
Then area ABC : area DEF ;. AB? : DE?
Or » » . AC?: DF?
Or ” » .. BC2;: EF?
That is, areas of similar triangles are proportional to the squares of
like sides.
Thus, if area ABC = 27 &q. in., and AB = 15 in., and DE = 24 in,,
the area of DEF can be found.
For 153 : 242 ; ; 27 &q. ins. ; ; area DEF.
27T x 24 x24 27x8x8
. Area DEF = TR %

= 6% in.

= 6912 sq. in.

(b) Rectilineal figures and polygons,
Polygons and rectilineal figures are similar when—
(i.) They are equiangular; and,
(ii.) They have their sides proportional.
D
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Let ABCDE and FGHKL be two similar rectilineal figures.
Then AB: BC ::FG : GH
And BC: CD:: GH: HK, etc. (Euc. VL)
Also area ABCDE : area FGHKL :: AB?: FG2
Or ” » .. BC?: GH?
Or as the squares of any two corresponding sides. (Euc. VL)
Example.—The base of an isosceles triangle is 140 : find the length of a
line parallel to the base which will divide the triangle into two equal parts.
Let ABC be an isosceles triangle, and DE be the line parallel to the base
BOC, dividing the triangle into two equal parts. :
. It is required to find the length of DE.
A Area of ADE = } area ABC.
But area of ABC : area of ADE :: BC*: DE®.
S 2:1::1402: DE2

1402
. 2 e ——
S DEt=—
140 _
D E ~DE= —.;-_-1—402—‘/2=7o4/2 Aus.

This shows that a line drawn parallel to the

. . base of a triangle equal to half the base multi-

B C Dlied by the a?uara root of 2, divides the triangle
inlo two equal parts. . .

EXERCISE XII.

1. The sides of a triangle are 42, 40, and 37 : find the sides of another
triangle similar to the first, but four times the area. 5

2. Divide a triangle ABC by a line DE parallel to AC into two parts
proportional to the numbers 8 : 9.

8. One of the sides of a field is 420 lks. : compare its surface with that
of a similar field whose corresponding side is 280 lks.

4. A triangle whose base is 156 ft. is to be divided into two parts by
a line parallel to the base, so that the upper part shall be to the lower as
2:3: what will be the length of the line?

5. One side of a field of 40 ac. measures 605 lks., and is represented in
a plan by a line 2} in. long: what surface is occupied by the plan?

6. Divide a triangle whose base is 27 yds. into three equal parts
}).y li;es drawn parallel to the base: what must be the length of the
ines

7. What is the scale to which the plan is drawn if 1 sq. in. represents
1sq. yd.?

8. What is the scale to which a plan is drawn when 1 sq. ft. repre-
sents 10 ac, ?

9. The sides of a rectangle are as 2; 3, and the area is 210 sq, ft.:
find the sides.
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10. An upright staff of 5 ft. in length casts a shadow of 4 ft.: find the
height of a church spire whose shadow is 92 ft.

11. The sides of a triaugle are 9, 10, and 11: find the area of a
triangle cut off by a line parallel to the longest side and equal to one-
third of it.

12. A field containing 20 ac. is represented on a plan by 1 sq. in. :
determine the scale of the plan.

18, The area of a quadrilateral is 21404 sq. ft., and one of its diagonals
is 63 ft. : find the area of a similar quadrilateral in which the correspond-
ing diagonal is 61 ft.

14. A square and a regular hexagon have the same perimeter: compare
their areas.

15. Suppose a map of England, according to a'scale of 20 miles to an
inch, occupied a square foot: what space would it occupy allowing 25
miles to an inch ?

XIIL—SOLUTIONS OF A FEW PROBLEMS.

ProBLEM I.—Given the three sides of a triangle 24 ft., 16 ft., and
10 ft., it is required to find (i.) the- perpendicular on the base from the
opposite angle, (ii.) the segments of the base, (iii.) the area of the
triangle,
Let ABC be the triangle, having BC = 24 ft.,, AC = 16 ft., and
AB = 10 ft. A
Draw AD, the perpendicular from
A on BC.
1t is required to find (i.) AD, (ii.) BD
and DG, (iii.) area of ABC.
Let BD=2. ThenDC =24 ~«
° AD? = 102 — a?
Also AD? = 162 — (24 — 2)? B
=102 — 22 = 162 — (24 — x)?
.. 100 — a2 = 256 — 576 + 48x — «?
. 48z = 100 — 256 + 576 = 420
c.x =875
.*. BD = 875 and DC = 24 — 875 = 1525
Segments BD and DC = 875, 1526 Ans.
Again, AD2= 10% — 8-75% = (10 + 875) (10 — 8'75)
= 1875 x 125 = 23'4375 Auns.
>, AD = #/25°9375 = 4'841 Ans.

24 x 4841
Again, ares of ABC = =~ = 58092 sq. ft. Ams.

[«] LT
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ProBLEM I1.—To divide a line into extreme and mean ratio.
Let AB be the line.

A c B
It is required to find a point C so that AB: AC:: AC: CB.
Let AB =a. Suppose AC = . Then CB=a—u=.
Thena:w:iizia—2o
CSoat=a—ax
s aN: _ g, @5
cattant (5) =a+ =7
a a ,—
..w+§=i§4/5

coe=x WE-Z=2(VE-1)

Suppose it is required to divide a line 12 in. long into extreme and
mean ratio. :
AC = 12(/5 = 1) = 6(2:236 — 1) = 7416
BC =12 — 7416 = 4'5684
Ans. 7416 in. and 4'584 in.

ProsLEM IIL.—The parallel sides of a trapezoid are respectively 8 ft.
and 14 ft.; two straight lines are drawn across the figure parallel to
these, so that the four parallels are equidistant : find the lengths of the
two straight lines.

Let ABCD be the trapezoid, having AB = 8 ft., and DC = 14 ft.

i . Draw EF and GH paral-
= lel to AB and CD and equi-
distant.
Draw AP parallel to BC.
H It is required to find EF

E and GH.
) Now AO, OM, and MP
careequa.l.
Because AB =8 S PC=8 S.DP=6
Now AO : AP:: EO: DP
S 1:3::E0:6 S E0O=2
But EF = EO +0OF = 2 + 8 = 10 ft.
Again, AM : AP:: GM : DP
S.2:3::GM:6 S GM =4
ButGH=GM + MH =4 + 8 = 12 ft.
Ans. 10 ft. and 12 ft.

ProBLEM IV.—The perpendicular from the richt angle of a right-
angled triangle on the hypothenuse divides the triangle %nto two parts,
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one of which is double the other: show that the perpendicular divides
the hypothenuse in the ratio of 1 : 2. - .

Let p = perpendicular on the hypothenuse dividing it into two parts,
a and b. .

Let a = base of smaller triangle.

Let b = base of larger triangle.

Area of smaller triangle = 2 ; 2
Area of larger triangle = p_);_!)

But area of larger triangle = twice the area of smaller triangle.
.pxb _PX0 9

2
pXb
°, mm— = X
S pXa
b= 2a

.'.q:b::1:2 Ans.

XIV.— MISCELLANEOUS EXERCISES. (SeeEasy Exercises

IV.,A axp B)
I
1. Find the area of a rectangular field whose sides are 50 yds. and
123 yds. N

2. A field is in the form of a trapezoid; its parallel sides are 10 ch.
30 lks., and 7 ch. 70 lks.; the perpendicular distance between them is
7 ch. 50 lks. : find the acreage.
8. What length of matting % yd. wide will be required to cover a
roogl 39 ft. 6 in, long by 25 fr. 6 in. wide? and find the cost at 4s. 6. a
ard.
7 4. How many plots of ground, each containing 1 ro. 24 po., are there
in a piece of ground whose area is half a square mile ?
6;1 Find the length of the side of a square whose area is 9659664
8q. yds.
6. Draw the plan and find area of—
To D
875
760 325 to E
To C 120 680
ToG 0 420
280 265 to F
To B 210 150
: From A | go north
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I

16 rIl g‘ind the area of a rhomboid whose base is 23 ft. 8 in., and height
t. 9 in. :

2. A ladder 25 ft. long stands upright against a wall : find how far the
bottom of the ladder must be pulled out from the wall 8o as to lower
the top one foot.

8. A rectangular court is 20 yds. longer than it is broad, and its area
is 4524 sq. yds.: find its length and breadth.

4. The area of a triangle is 5 ac. 3 ro. 5:12 po., and its perpendicular
distance measures 826 lks.: what will be the expense of making a ditch
the whole length of its base at 2s, 6d. for 7 yds.?

5. How many poles of fencing are required to enclose a square park
containing 832 ac. 2 ro. 25 po.?

6. A roll of carpet containing 30 yds., and which is 30 in. wide, will
just cover a room 16 ft. long. : find the breadth of the room.

III.

1. The two diagonals of a rhombus are 50'4 and 37'8: find the ride
and the area.

2, What length of carpet # yd. wide will cover a floor 24 ft. 10 in. by
16 ft. 6 in. ?

8. The cost of planting an hexagonal field at £5 10s. an acre was
£7 158, 7}d.: find what would be the cost of fencing it round with iron
railing at 2s. 43d. a yard.

4. A rectangular garden contains 1200 sq. yds., and the length is to
the breadth as 4 : 3 : what will the fencing cost at 3s. 6d. a yard ?

6. Find thearea of a triangle whose sides are 25 ch., 20 ch., and 15 ch.

6. Draw a plan and find the area of the following field : —

To B
0 1310 130
230 1000
980 50
780 130
310 700
550 | 150
220 460
330 94
330 260
360 0
From A
Iv.

1. How much paper § yd. wide will be required for a room 22 ft. long,
14 ft. wé?de, and 9 it. high, if there be 3 windows and 2 doors each 6 ft.
by 3 ft.

- e . 4
o~ -
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2. Each side of an equilateral triangle is 1 ft.: find the height of the
triangle.

8. It costs £643 10s. 9d. to level and turf a square cricket-ground at
9d. a square yard : what will it cost to enclose it with an iron paling at
75.6d. a yard ?

4. The sides of two squares measure 77 yds. 1ft. 9 in. and 7 yds. 2ft.
4 in, respectively : find the side of a square whose area is equal to their
sum.

8. A railway incline rises 100 ft. in perpendicular height to 4680 ft.
of base: what is the length of the incline ?

8. A pauel measuring 2 ft. 8 in. by 1 ft. 6 in. costs 29s. per square
foot : what would four such panels cost ?

V.

1. The side of a square is 110 ft. : find the diagonal. '

2, A room is 34 ft. long, 18} ft. wide,and 12 ft. high: find the expcnse
of papering the walls at 1s. 6d. per square yard.

8. A field containing one half-acre is laid down on a plan to a scale of
1 in. to 20 ft. : find how much paper the plan will cover.

4. A field in the form of a trapezium contains 16 ac. 3 ro. 8 po., the
diagonal is 16 ch., and the perpendiculars are in the ratio of 14 : 10: find
the perpendiculars.

8. A room measures 16 ft. by 21 ft.,and is 11 ft. high. There is one
door 7 ft. by 3 ft., and two windows each 8 ft. by 4 ft.: find the cost of
papering with paper 2 ft. wide at 23d. a yard.

6. What would be the cost of flooring a triangular space whose basc is
21 ft. and perpendicular height 15 ft. at 83d. per square foot ?

VL

1. A footpath gocs along two adjacent sides of a rectangle, one side is
196 yds., the other 147 yds.: find the saving in d.stance made by proceed-
ing along the diagonal instead of along the two sides.

8. A country is 500 miles long: ﬁn;l the length of a map which
represents the country on a scale of one-eighth of an inch to a mile. '

8. In a trapezium ABCD, if AB = 845 yds.,, BC = 156 yds., CD =
323 yds.,and DA = 192 yds., and the diagonal AC = 438 yds.: find the area.

4, The sides of a triangle are 25 ft., 51 ft., and 74 ft.: find the sides of
a similar triangle whose area is 2133} sq. ft.

5. The area of a square cricket-field is 9 ac. 3 ro. 8:16 po.; a running-
path 3-9 yds. wide is constructed close to the boundary of the field, at a cost
of 4d. per square yard, and the remainder of the field is laid down in turf
alt‘ tl;ielﬁost of bs. 6d. per 100 sq. yds.: find the total cost of preparing
the field.
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6. A vessel is found to be 130 miles north-east of a port; after sailing
due west for 80 miles, she is exactly north of the port: find what
distance she is now from the port.

VIIL

1. A room is 18 ft. 6 in. long and 11 ft. 3 in. wide: find the expeunse
of carpetirf the room, supposing the carpet to be 30 in. wide, and to cost
6s. per yard.

2. Each side of a rhombus is 24 ft., and one of the diagonals also is
24 ft.: find the area. .

8. The plan of a field containing 5 ac. 3 ro. 20 po. covers 25 sq. in.
of paper: what is the scale to which the plan has been drawn?

4. The area of a square field is 3 ac. 1 ro. 38 po. 20} sq. yds.: find
the size of a rectangular field whose length and breadth e & side of
the square field by 390 yds. and 65 yds. respectively.

5. What would be the cost of painting the walls of a room 33} ft.
long, 24 ft. broad, and 12 ft. high, at 13d. a square yard ?

6. ABCis a triangle, and AD the perpendicular from A on BC: if
AD = 13 ft., and the lengths of the perpendiculars from D on AB and
AC be 5 ft and 10% ft. respectively, find the area of the triangle.

VIIL
1. The distance between two towns is 31 miles, and the distance
between them on a map is 74 in. : find the scale to which the map is drawn.
2. Find the cost of carpeting a room 18 ft. 9 in. by 17 ft. 6 in., width
of carpet 2 ft., and price 4s. 9d. a yard.
8. Find the side of an equilateral triangle whose area cost as much
paving at 9d. a square foot as palisading the three sides at 15s. a yard.
4. A square and an equilateral triangle have the same area: compare
their perimeters.
8. A triangular field contains exactly one acre of land, and its per-
pendicular measures 40 yds. : find the length of the base.
8. Draw the plan and find the area of the following field whose
measurements are—
To B
1020
To G 350 705
580 70t F
435 320to E
ToD 50 410
130 470 to C
From A
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IX.

1. A room is 18 ft. 6 in, long, and 11 ft. 3 in, wide, and 10 ft. high:
find the area of the four walls.

2. The sides of a triangular field are 350 yds., 440 yds., and 750 yds.;
the tggld is let for £26 5s. a year : find at what price per acre the field is
rented. - !

8. The area of a thombus is 354144 sq. ft., and one diagonal is 672 ft.:
find the other diagonal; also the length of the side.

4. Find the area of a regular hexagon, each side of which is 20 ft.

5. A ladder 50 ft. long reaches a point in a wall 30 ft. high: how far
is the foot of the ladder from the bottom of the wall ?

6. Draw the plan of the field whose measurements are the following,
and find the area:—

To G

1020
To F 470 990
610 50tc B
To D 320 585
ToC 70 440
315 350 to B
From A

X

1. A rectangular grass-plot is 160 ft. long, and 100 ft. broad ; a gravel
walk 4 ft. wide surrounds the grass-plot: find the area of the walk.

2. Suppose the carpet in a room 25 ft. long at 5s. a square yard to
cost £6 5s.: find the breadth of the room.

8. The diagonals of a rhombus are 64 yds. and 36 yds.: find the area
and cost of turfing at 4d. a square yard.

4. Find the side of an equilateral triangle whose area is 5 ac.

5. The difference between the diagonal and the side of a square is
5 ft.: find the iength of the side.

6. Draw the plan of the following field and find the

To B

600

To G 140 560

To F 150 480
470 170 to E

ToD 50 380
100 150 to C

From A
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BOOK II.

XV.—ON THE CIRCLE.
DEFINITIONS.

A circle is a plane figure bounded by one line called the
circumference, and is such that all lines drawn from a point
within it called the centre to the circumference are equal.

F

. b

E

A chord is a straight line pass-
ing through a circle terminated
on both sides . by the circum-
ference, as AB.

The chord which passes through
the centre is the greatest chord in
a circle, and is called the diameter,
as CD.

An arc is the part of the cir-
cumference cut off by a chord
as AEB.

A chord of half an arc is a

chord which bisects a given arc.

Thus BE is the chord of half the arc AEB. A chord divides a

circle into two segments.

A segment of a circle is the part of a circle bounded by
a chord and the arc cut off by the chord. Thus the figures
AFB and AEB are segments. The height of the arc is the
perpendicular distance of the centre of the chord to the are,

as PE,

XV1L—ON THE RADIUS AND DIAMETER OF A

CIRCLE.

The diameter equals twice the radius.
Let » = radius, and d = diameter.

Then d = 2r, and » =

V| K
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EXERCISE XIII

1. Find the radius of the circumscribed circle about a square whose
side is 6 ft.

2. Find the radius of the circumscribed circle about a right-angled
triangle whose base is 4 ft. and perpendicular 10 ft,
4 8. Find the radius of the inscribed circle in a regular hexagon whose
side is 3 ft.

4. Find the radius of an inscribed circle in an equilateral triangle
whose side is 4 ft.

5. Find the radius of a circumscribed circle around an equilateral
triangle whose side is 4 ft.

6. The ferimeter of a square is 24 ft.: find the radius of its circum-
scribed circle.

7. The diameter of a circle is 12 yds.: find the area of the inscribed
square.

8. What is the radius of the circumscribed circle about a right-angled
triangle whose hypothenuse is 17 ft.

9. Find the area of a square inscribed in a semicircle whose radius
is b ft. .

.~ XVIL—ON CHORDS OF CIRCLES.

(2) A diameter which cuts a chord at right angles bisects
the chord.

Let the diameter AB cut the chord CD
at right angles in P.
- Then CP = PD (Euc. IIL 3.)

(b) If two chords cut one another, then
the rectangles contained by the

segments of the chords are equal.
Let the chords AB and CD cut onc c P
another in P. \-/ D
Then rectangle AP.PB = rectangle
CP.PD (Euc. III. 35.) B

(c) To find the chord of an arc when the height of the
segment and the diameter are given.

Let CBD be the arc of the segment, and PB = height. .
It is required to find CD. ’ 8
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Let AB=d,PB =14
S AP=d-—-h
From (b) CP PD = AP.PB .. CP?2 = h(d — k)
CP= J/hd—%) .-CD=2CP=2Jid—F)
RuLe.—From tho diameter take the height of the are, multiply the result
by the height of the arc, then take twice the square root of the product.

(d) To find the chord of half the arc when the radius of the
circle and the height of the arc are given.
Let CBD be the arc, PB the height,
and oB the radius.
It is required to find CB, the chord
of half the arc CBD.
Let oB = r, PB = &,

5 AB =2r,a0d AP = 2r = %
", CP = & h(2r = %)

The triangle CBP is a right-angled
triangle.

. CB? = CP? 4 PB?
*. CB = s/ CP2 ¥ PB?
. CB=ViGr—R+R
= N 7@r =% + h)y = J/2rk

The same result may be obtained thus:

ACP and CPB are similar triangles.
~.CB:BP:..AB:CB
. CB2=ABx BP .. CB=42r%

RulLeE.—Take the square root of twice the radius multiplied by the
height of the are.

<¢) To find the chord of half the arc when the diameter and chord of the
whole arc are given,

Let the chord of whole arc CD = C, and chord of half the arc CB = .
Then ¢ = +/2rh s 2 =2k (i) _

But 2r=d, h = r — oD, and oP = Joc2 cw—\/ﬁ-‘i_”

.'.h:r—,\/r’—(2

..h—-—\/d" ‘l’--g-;ﬁt——-c'
o h=Hd = (JF =D}
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Substitute these values of 2r and % in (i.).
Then ¢ = 2rh = d x 3{d — (/d* = C?)

s o= A% bl = (JE=CH;
RULE.—Take the square root of one-half the diameter multiplied by
the difference between the diameter and the square root of the difference
of the squares of the diameter and the chord of the whole are.

(See Easy Exercises VIIL.)

EXERCISE XIV.

1. The chord of an are is 15 in., and the diameter of the circle is
20 in.: find the chord of half the arc.

2. The chord of an arc is 12 yds., and the chord of half the arc is
194 ft.: find the diameter of the circle.

8. What must be the radius of a circle in which a chord of 15 in. is
5 in. from the centre ?

4. The chord of an arc is 20 ft., and the chord of balf the arc is 30 ft.:
find the diameter.

5. Find the radius of a circle in which two parallel chords of 6 in. and
8 in. are 1 in. apart.

8. The chord of an arc is 24 ft., and the diameter is 25 ft.: find the
height of the arc.

7. In a circle whose diameter is 20 ft., a chord of 12 ft. is inscribed :
find the heights of the arcs.

8. The chord of an arc is 20 ft., and the height of the arc is 4 ft.: find
the diameter of the circle,

9. The chord of half an arc is 12 in., and the diameter of the circle is
36 in.: find the chord of the whole arec.

10. Find the distance from the centre of the circle of a chord whose
length is 30 ft., in a circle whose radius is 20 ft.

11, The height of the arc is 12 in., and the chord of half the arc is
86 in.: find the diameter of the circle.

12. In a circle whose diameter is 5 ft. 4 in. the chord of the arc is
20 in.: find the chord of half the arc.

138, In a circle whose diameter is 5408 the height of an arc is 20'8:
what is the height of an arc double the size ?

14, Find the radius of the circular arch of a bridge whose span is
120 ft., and height of arch 125 ft.

18. In a circle whose diameter is 113, if the chord of an arc is 15, what
is the chord of twice the arc ?
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- XVIIL—-ON THE CIRCUMFERENCE OF CIRCLES.

(«) To find the ratio of the circumference to the diameter.

It has been shown in Section X. that the side of a regular hexagon
inscribed in a circle equals the radius.

Therefore the chord of one-sixth of the circumference equals the radius.

If, then, the diameter = 2, the radius = 1, and the chord of the sixth
part of the circumference = 1.

Again, it has been shown in Section XVIL (¢) that the chord of half
an arc can be obtained from the chord of the whole arc and the diameter
of the circle.

If ¢ is the chord of half the arc, and C is the chord of the whole

arc, o
? = }did — (V& = C3)}
.*. The chord of one-twelfth of the circumference when d = 2 can be
found by making C = 1.
Let ¢, = chord of one-twelfth of the circumference.

Sel=1x22-(Wi-D} =2=4F
coo = 4/2 = /3 = 51763809
Again, the chord of one twenty-fourth of the circumference may be
found by making C = /2 — /3
Let ¢, = chord of one twenty-fourth of the circumference.

ceaf=tx2{2—-(Vi=@=V9)} =2- (/21 V3

o=/ 2—/2+ /3 = 261052384
Again, the chord of one forty-cighth of the circumference may be

found by making C =4/2 — \/ 2+ 43
Let cg = chord of one forty-eighth part of the circumference.
Set=3x2{2-a/2— 2 —1/2 + /D)}
=2=/244/2+ /3
coa=v2-4/24 V2 + /3= 130806258

Now, if this successive bisection of the arc be continued, we shall
ultimately reach a point when the chord of the very small arc will more
and more nearly equal the lenath of the arc itsels,
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By the continuation of the above method we obtain—
The chord of the 96th part of the circumference when d = 2 = *06543816

”» » 192n ”» ”» » = 03272346
and so on.
The chord of the 12288th » ” . = 0005113269
” ” 24576th - . » = 0002556634

Thus it is seen that the chord of half the arc is gradually approaching
half the arc itself.

In the last result the length of half the arc is the same as the half of
the chord up to the tenth place of decimals.

Therefore the length of the circumference when d = 2 is 24576 x
‘0002556634 = 6-2831862. If d = 1, the circumference will = 31415926,
which is the ratio of the circumference to the diameter true to the sixth
place of decimals.

This ratio is taken as 3:1416': 1, which is slightly in excess of the
true value, but gives a result sufficiently near for all practical purposes.

The ratio 3-1416 : 1 may also be taken as 3} : 1. This is still more
in excess, but for practical purposes gives a sufficiently correct result, as
it is true to the one-thousandth part of the diameter.

The ratio of the circumference to the diameter is represented

by .
s = 31416, or 334, or 32

The results obtained above
may be represented geometrically / \
thus: :

AB is the chord of the 6th part.
AD ” 2 12th ”
AE " v 24th ,,

And thus it will be readily seen
‘that at each bisection of the arc,

the length of the chord more A /
nearly approaches the length of P
the arc itself. : 8

(b) To find the circumference when the diameter is given.

Let ¢ = circumference, and d = diameter.
Thenc=d x »

RuLe.—Multiply the diameter by = ; or, Multiply twice the radius by
E
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(¢) To find the diameter, circumference given

dxwr=c .'.d=£(i.)
x

. e & o
Again2r x x =¢ ..r—2'(1|.)

Rures I.—Diameter equals circumference divided by =.
II.—Radius equals circumference divided by 2.

See Easy Exercises V. A Axp C.

EXERCISE XV.

When » = 3}, find the circumferences of circles whose diameters
are—

1. 15ft. 2. 1ft. 9in. 8. 5 yds. 1 ft. 6 in. 4. 4 ch. 75 lks.

When = = 31416, find the circumferences of circles whose radii
are—

5. 20in. 6. 3ft. 5in. 7. 450 yds. 8. 13 ft. 6 in.

When » = 3}, find the radii of circles whose circumferences
are—

9. 10 ch. 10. 1 mile. 11. 100 ft. 12. 1+4 in.

‘When » = 31416, find the diameters of circles whose circumferences
are—

13, 1ft. 14. 1 fur, 15. 360 ft. 16. 4 in.

17. The difference between the circumference and diameter of a circle
is 20 ft.: find the radius.

18, How often will a carriage wheel which is 3 ft. 6 in. in diameter
revolve in going 1 mile?

19, The sum of the circumference and diameter of a circle is 20 ft.:
find the radius. :

. lso Compare the perimeter of a square and that of its inscribed
circle.

21, Compare the circumference of a circle with that of its inscribed
hexagon.

22. A boy can walk round a circle in 50 min.: how long would he
take to travel along the diameter and back again ?

23, It takes 15 min. to walk round a circular plantation at the

rate of 3 miles an hour: what time would it take to walk across it through
the centre ?
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24, Two velocipedes have their driving-wheels 5 ft. and 4 ft. 6 in.
in diameter respectively : suppose each has made a thousand revolutions,
bow far will one be ahead of the other ? :

25. A locomotive engine is travelling at the rate of 45 miles an hour,

and the diameter of the driving-wheel is 8 ft.: how many times will it
revolve in 1 min, ?

28, Compare the circumference of a circle whose radius is 20 ft. with
that of the inscribed duodecagon.

XIX.—ON ARCS OF OIRCLES,

(2) To find the angle at the centre subtended by an arc
when the circumference and the length of the arc are
given.

Arcs are proportional to the angles
they subtend (Euc. VI. 33).
s Arc AB:ArcAD:: / AoB: / AoD
But the angles at the centre of the
circle equal 4 right angles = 360°. D
.. Circumference of circle : arc AD
$1860°: / AoD
Arc AD x 360° B
< L AoD = Circumference of circle
RuLE.—Multiply 860° by the length of

the sro, and then divide by the length of
the circumference.

() To find the length of the arc when the circumference
and the angle subtended by the arec at the centre are
given.

Let 7 = length of the arc, ¢ = circumference, and AoB = the angle.
Then ¢ : arc AB :: 360°: / AoB

. Arc AB = f%f‘m

RuLE.—Multiply the circumference of the circle by the number of degrees
in the angle, and divide by 860°.
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(c) To find the magnitude of an angle at the centre sub-
tended by an arc equal to the radius.

Let Ao = radius, and AB = arc = oA
=r.
It is required to find / AoB.
Circumference of circle : arc AB:: 360°
: [ AoB.
0 scir:i360°: / AoB
. B o
o [ AcB= 360° x r_ 360° x »
c 2rx
- 180°  180°
T x 81416
= 57°29577
A =57°17 45"
This is the magnitude of the angle in any circle which is subtended

by an arc equal to the radius, and is taken for the unit angle and
used for measuring the magnitude of other angles.

It is important that the meaning of the symbol = should be clearly
understood.

« always means 3'1416.

But it may refer to—

(i.) 4 circle, when it means the circumference is 31416 times the
diameter.

(ii.) An angle at the centre of a circle, when it means 3-1416 times
67° 17" 45" = 180° = 2 right angles.

Example I.—What is the magnitude of an angle whose circular measure

?
That is, what is the magnitude of an angle whose arc equals  of the
ius.

Asl:8::57°17 45: / required
57°17' 45" x 8

3 = 42° 51’ 18”73 Ans.

o.a L mquh'd =
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Example II.—What is the circular measure of an angle of 75°?

Now, the circular measure of 180° = 3:1416 = »

. 180° ; 75° :: 3°1416 : circular measure of 75°

(<] 3
.. Ciroular mesanre of 75° = - % 31416 _ 5 ot 31416 = 1:309 Ans.
180° 12
That is, the arc which an angle of 75° subtends is 1'309 times the
radius of the circle.

Or 57° 17’ 45" is the angle which subtends an arc equal to the radius.
And 75° is the angle which subtends an arc 1-309 times the radius.

(@) The chord of an arc being given, and also the chord of half the are,
to find the length of the aro.

Let AC be the chord of the arc ABC,
AB the chord of half the arc, and length of

the arc = L.
- A
Then ! = 8_@_3_9_
RULE.—From eight times the chord of
half the are, subtract the chord of the
whole arc, and take one-third.
Note—This rule is not exact, but

gives a very close approximation. For c
small angles the error is inappreciable. A\/
The proof of the rule requires a knowledge

of mathematics beyond the limits of this B
work.

EXERCISE XVI.

1. The radius of a circle is 2 ft., and the length of the arc 15 in.: find
the angle subtended at the centre by the arc.

2. The radius of acircle is 10 in., and the length of the arc 20 in. : find
the angle subtended at the centre by the arc.

8. In a circle whose radius is 1 ft., find the angle at the centre sub-
tended by an arc of 1 in.

4, Find the angles whose circular measures are—(i) %, (ii.) 1,
(iii.) %, (iv.) 4.

5. What are the circular measures of the following angles: (i.) 45°:
(ii.) 150°, (iii,) 112° 30 ?
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6. Thevchord of an arc is 86 in., and the chord of half the arc is 19 in. :
find the length of the arc.

7. The chord of an arc is 18 ft., and the chord of half the arc is 12 ft.:
find the length of the arc.

8. If the chord of an arc be 24 ft., and the height of the arc 9 ft., find
the length of the arc. v

9. How mahy inches long is an arc subtending an angle of 36° at the
centre of a circle, the radius of which is 2 ft. 4} in. ?

10. Find the angle formed by the hands of a watch at 20 min. past
3 o’clock.

11. When between three and four o’clock, will the hands of a watch
form an angle of 45°?

1. Find the angle at the circumference which is subtended by an arc
of 10 in. in a circle whose radius is 10 in.

13. Compare the radii of two circles in which an angle of 40° at the
centre of one, and an angle of 60° at the centre of the other, subtend
equal arcs.

14. The chord of an arc is 6 in., and the radius of the circle 9in. : find
the length of the arc.

15. What is the length of the arc when the chord of the whole arc is
16 ft., and the height of the arc 6 ft.? .

16, Find the number of degrees subtended by an arc of a circle whose
diameter is 18 ft., the length of the arc being 12 ft.

17, The minute-hand of a clock makes an arc of 11 in. in ten
minutes : find the radius of the face of the clock.

18, If the radius of a clock-face is 7 in., what is the length of the
area travelled by the minute-hand in 5} minutes?

19. The chord of an arc of a circle is 8 in. long, and is 2 in. from the
centre : find the angle at the centre subtended by the chord.

20. What is the circular measure of an angle in a regular pentagon ?

21, What must be the radius of a driving-wheel of an engine which is
to revolve 10 times in travelling one-twelfth of a mile ?

22, What is the magnitude of an angle at the centre subtended by an
arc equal to one-half the radius?

23. Two chords of a circle AB and AC are 6 in. and 8 in. long respec-
tively ; the radius of the circle is 5 in.: find the angle at the centre of
which BC is the chord.

24. If the chord of the whole arc of a circle is 8 in., and of half the
arc 5 in., what is the radius of the centre ?
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XX.—ON AREAS OF CIRCLES.

(a) To find the area of a circle, the circumference and radius
being given.

The area of a regular polygon inscribed in a circle has been shown to
be equal to the perimeter multi-
plied by half the radius of the
inscribed circle (Sect. X. (@)).

Let s = side of polygon AB;
n = number of sides, and r = oP,
the radius of the inscribed circle.
n.s.r

2

If the number of sides be
indefinitely increased, it follows
that—

(i.) The area of the polygon
will ultimately equal the area of
the circle.

(ii.) The perimeter of the
polygon will become the circum-
ference of the circle; that is,
nxXs=c

(iii.) The radius of the inscribed circle will become the radius of the
circle; that is, oP = 0A = 7.

Then area of polygon =

cxr
2

RuLE.—Multiply the eircumference by the radius, and take one-half of
the product.

Hence area of circle =

(b) To find the area of a circle, radius given.

Area of circle = ¢xr
Butc = 2xr (Sect. XVIIL (5))
.. Area of circle = Z"ZX L

RULE.—Multiply the square of the radius by =,
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(c) To find the area of a circle, diameter given.
Area of circle = xr2

) d
But r = 3
.. Area of circle = ?

RuLE.—Multiply the square of the diameter by one-fourth of =,
Note.—One-fourth of » = *7854.

(4) To find the area of a circle, circumference given.
Area of circle = %

Butd = E
®
. w2 2
.. Area of circle = T
RuLE,—Divide the square of the circumference by four times .
Note.—The fraction 4%'- =°07958.

Hence this rule becomes, Multiply the square of the circumference by
*07958.
(¢) To find the radius, area being given.

Now =2 = area

Ser= ,\//E

RULE.—Divide the area by x, and then extract the square root.

(/) To find the circumference, area given.
2
Now :—'- = area
S ¢t = area X 4rx
o= A area x 4r =24/area x =

RuLE.—Take twice the square root of the area multiplied by
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(9) To find the diameter, area given.

Now?:area
...de=”"’°“x4
d =2 Eﬁ'

kg

RuLE,—Take twice the square root of the area divided by .

(%) To find the area of a circular ring.

Let the radius of the larger circle
oA = R, and the radius of the smaller
circle 0B = 7.

Then area of larger circle = xR?
Then area of smaller circle = x72
. Area ofring = #R3 —x 12 = x(R2 — 1?)
=x®R+)R—r)
RuLE.—Multiply the product of the

sum and difference of the inner and
outer radii by =.

‘ (See Easy Exercises V. B, D, E, F,
AND )

EXERCISE XVII

When » = 3}, find the areas of the circles whose radii are—

1. 42 ft. 2. } mile 3. 100 ft. 4. 80 ft.
‘When » =-3:1416, find tho areas of circles whose circumferences are—

5. 90 in. 6. 3500 lks. 7. 604 ch. 8., 7600 yds,
‘When » = 3:1416, find the areas of circles whose radii are—

9. 25 ft. 10. 992 ft. 11, } mile. 12, 3 ins.

18. A road runs round a circular shrubbery ; the outer circumference is
500 ft., and the inner 420 ft.: find the area of the road.

14. The area of a circle is half an acre: find the circumference in feet.

15. The radius of a circle is 8 ft.: find the radius of another circle of
half the area. .

16. Find the expense of paving a circular court of 40 ft, in diameter at
2s. 3d. per square foot.

17. The side of a square is 18 ft.; a circle is described round it: find
the area between the circle and the square,
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18. The area of a square i8 equal to that of a circle: compare their
perimeters.

19. The sides of a triangle are 30, 40, and 50: find the area of a
circle having the same perimeter.

Find the radii of the circles whose areas are—

20. 1 sq. mile. * 21. 2 ac. 3 ro. 10 po.

22. A cow, tethered, is allowed to feed on 2} ac. of ground : how many
yards long is the rope by which it is tied ?

23 A s«iuare field has an area of 5} ac. : find the area of a circle having
the diagonal for its diameter.

84, A circular grass-plot contains 1760 sq. yds., and is surrounded by a
gravel walk 10 ft. broad : find the area of the walk.

26. The diameter of a circle is divided in the ratio of 1§ : 2}, and circles
a;'e iiescribed on the segments as diameters: compare the area of the three
circles.

26. Find the number of grass sods, each 18 in. by 12 in., that will be
required to cover a circular piece of ground 153 ft. in diameter.

27. A semicircular piece of ground whose diameter is 15 yds. is covered
with carpet 2 ft. wide: what will it cost at 3s. 6d. a yard, allowing
116425 yds. for waste, and taking » = 3:1416.

28, The perimeter of an equilateral triangle is equal to the circum-
ference of a circle: compare their areas.

29, Compare the areas of an equilateral triangle and a regular hexagon
inscribed in a circle.

80. A circular lawn is 2 ac. in extent,and the road round it is one-half
an acre : find the width of the road.

81. Two men bought a grindstone one yard in diameter : what part
of the diameter may each man grind down ?

83. A circular fountain 12 ft. in diameter touches the sides of a square
p%ot within which it is situated : find the area of the remainder of the
plot.

88. A curbstone 15 in. broad is put to a well 7 ft. in diameter at a cost
of 17s. 6d.: find the price per square foot. '

84, The paving of a semicircular area with tiles at 2s. 6d. a square
foot cost £10: what was the length of the semicircular arc ?

85. Find the cost of making a path 7 ft. wide round a circular ground
whose perimeter is 352 yds. at 3s. 9d. per square yard (» = 3}).

XXI—ON AREAS OF SECTORS OF CIRCLES.

A sector of a cirole is a figure bounded by two radii and the
arc subtended by them.

]
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In the circle AMBN the figures MoNA and MoNB are sectors.

(2) To find the area of a sector, A
length of the arc and radius
being given.
Now, area of circle : area of sector
¢ ¢ circumference of circle : length of the .
arc (Euc. VI 33). N
Let I = length of the arc, and r =
radius.
Then =72 ; area of sector : ¢ 2#r 3 1
Ixxr® Ir A
2er 2 M

RuLE.—Multiply the length of the are by one-half of the radius.

.. Ares of sector =

(3) To find the radius of the circle, the area of the sector and
length of the are being given.

Now -121 = area of sector

. area of sector x 2
e T = "—l

RuLE.—Multiply the area of the sector by two, and divide the product
by the length of the are.

(c) To find the number of degrees subtended by the arc of
the circle, the area of the sector and the radius being given.
Let N = number of degrees subtended by the arc.
Then area of circle : area of sector ; . 360° : N
. 72 ; area of sector :: 360° : N
. N o bres of sector x 360°
LY = "2
RuLE.—Multiply 860° by the area of the seotor, and divide the product
by tho area of the circle.

(See Easy Exercises VI, A and B.)

EXERCISE XVIIL

1. The radius of a sector is 25 ft., and the length of the arc 8 ft.: find
the area of the sector.

2. The length of an arc of a sector is 8'6 in., and the radfus 3 ft. 6 in.:
find the area of the sector.
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8. Find the area of a sector whose radius is 8 ft., and whose arc sub-
tends an angle of 159°.

4, Find the area of a sector whose radius is 21 ft., and the length of
whose arc is 15 ft.

8. In a circle-whose radius is 12 ft., what must be the length of the arc
80, that the area of the sector will be 100 sq. ft.?

8. The area of a sector is 357 sq. ft., the length of the arc is 96 ft.:
find the radius. ’

7. The area of & sector is 115 sq. ft., the area of the circle is 700 sq. ft.:
find the length of the arc of the sector.

8. Find the area of a sector the chord of whose arc is 6 in., and the
radius of the circle 9 in.

9. What is the radius of a circle in which a sector of 75° contains
120 sq. ft.?

10. The radius of a circle is 6 ft.: find the area of the sector and the
length of the arc which subtends an angle of 115°.

11, If the area of a sector be 20 sq. ft., and the radius of the circle 5 ft.,
find the number of degrees subtended by the arc of the sector.

12, From each corner of an equilateral triangle whose side is 5 ft.
sectors of a radius of 1 ft. are cut off: find the area of the remaining
portion of the triangle.

18, At each corner of a square of 4 ft. sectors are added of 1 ft. radius:
find the total area of the figure.

14. What is the area of a sector the chord of whose arc is 24 ft., and
the height of the arc 6 ft.?

18, The difference between the areas of two squares inscribed and
circumscribed about a circle is 338 sq. ft.: find the radius of the circle.

XXII.—ON AREAS OF SEGMENTS OF CIRCLES

N A segment of a circle is a figure
bounded by a chord of a circle and
that part of the circumference which
the chord cuts off.

In the circle AMBN the figures ABM
and ABN are segments.

(a) To find the area of a segment.
1t is evident that—

- . B (i.) Area of segment ABM = area of
sector AoBM ~— area of the triangle AoB.
(ii.) Area of segment ABN = area of

L] sector AoBN + area of the triangle AoB.
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RuLes 1.—Area of the lesser segment equals the area of the lesser
sector less the area of the triangle whose base isthe chord of the segment
and whose apex is the centre of the circle.

Il,—Area of the greater segment equals the area of the greater sector
plus the area of the triangle whose base is the chord of the segment and
whose apex is the centre of the circle. :

. A .
(b) To find the area of a circle N
between two parallel chords.

Let MN and PQ be two parallel M Q
chords in the circle APN.
It is evident that the area between P
the two parallel chords equals. the
difference between the areas of the:seg-
ments PAQ and MAN.

RULE.—Take the difference of the

areas of the two segments out off by the
two parallel chords.

EXERCISE XIX.

1. Find the area of the segment of a circle whose radius is 12 ft., and
the chord of whose arc is 16 ft.

2. Find the area of the segment whose chord is 22 ft., and height of
segment 22 ft.

8. Find the area of the segment whose chord is 40 ft., and chord of
half the arc 25 ft.

4. The radius of a circle is 20 in. : find the area of the greater segment
cut off by a chord of 24 in.

5. If the chord of a segment be 48 ft., and the height of the segment
6 ft., what is the area.

8. The diameter of a circle is 30 in.: find the area of a segment cut
off by a chord of 24 in.

7. The radius of a circle is 15 ft.: find the areas into which it is
divided by a chord equal to the radius.

8. The radius of a circle is 12 ft. ; two parallel chords are drawn on the
same side of the centre, one subtending an angle of 60° at the centre, and
the other an angle of 90°: find the area of the belt between the chords.

9. Find the greater segment cut off by a chord of 10 in. from a circle
whose radius is 13 in.

10. Find the area between two parallel chords of 6 in. and 7 in.
{ses ectively, lying on the same side of the centre in a circle whose radius

in.

11, If the centre of a circle whose diameter is 16 be in the circumference
of a circle whose diameter is 30, find the area of the figure common to
both circles.
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18. Two parallel chords are drawn one on each side of the diameter of
a circle whose radius is 1ft.; the chords are 9 in. and 15 in. respectively :
find the area of the circle between the chords.

18. Two equal chords of 3 ft. each are drawn from a point in the
circumference of a circle, and contain an angle equal to two-thirds of a
right angle: find the area of the circle (x = 33).

14. A circle is described about a square whose side is 6 yds.: what
part of a square chain is the area between the square and the circle?

XXIII.—ON THE AREA OF AN ELLIPSE.

B An ellipse is a figure formed
Pl RN by the projection of a circle on
» 7 an inclined plane.

’
'/ R\ Let AB'A'Y be a circle, and
! v} ABA'D any ilane passing through
Ai 4 its centre. Let perpendiculars

drawn from everﬁ goint on this circle
to this plane as B'B, #'b. The curve
formed by the feet of these per-
pendiculars ABA'D is an ellipse.

- To find the area of an ellipse.

Let AbCD be an ellipse.

Let AC and 3D be the major and minor axes.

Draw the circle on the major axis AB,CD;. Drop parallel ordinates
B, o, Ppo,, and P;p,o0,.

From the properties of the ellipse,

Po, : po, :: Po, 2 pro, .. Bo:bo
.. Aot bo.

Let Ao = r,and bo = r,.

If the ellipse and the circle be
divided into an indefinite number of
bands by ordinates such as B,o, Po,,
etc., then the area of any one of the
circular bands as Po,0B, : to the area
of the corresponding elliptical band
pOIObZIBlo:bo ::7‘:7’1.

.~ Area of circle : area of ellipse

3
~ tad
b SR St e

N
. ;»rr2 : area of ellipse ;. r s 1y
.*. Area of ellipse = '—':‘L‘ = xrry

RuLE.—Multiply the product of the semidiameters by .
(See Easy Exercises VI1IL)
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EXERCISE XX.

1. Find the area of an ellipse whose axes are 34 ft. and 30 ft.

2. Find the area of an ellipse whose axes are 30 ft. and 28 ft.

8. The length and breadth of an ellipse are 24 ft. and 18 ft.: what is
the area ?

4. What would be the cost of asphalting an elliptical space at 1s. 6d. a
square yard, the two diameters being 28 ft. and 22 ft. respectively ?

5. The cost of covering an elliptical space with carpet at 5s. 9d. a
square yard was £16 17s. 4d.; the major axis measured 28 ft. : what was
the length of the miner axis?

6. From an elliptical piece of paper whose diameters are 4 in. and 5 in.
respectively, another ellipse is cut whose diameters are 2 in. and 3 in. :
what is the area of the paper left? |

7. Find the area of an ellipse whose diameters are 15°5 ft. and 3565 ft.
respectively. .

8. Two equal chords, 15 in. in length, are drawn from a point in the
circumference of a circle, and form an angle equal to % of a right angle:
find the area of the circle.

9. The area of a sector being 125 sq. ft., and of the whole circle
400 sq. ft.: find the angle of the sector.

10, Compare the area of a circle whose diameter is 5 ft. with that of
- an ellipse whose conjugate diameters are 5 ft. and 4 ft. respectively.
11. The largest possible ellipse is described in a rectangle whose sides
are 10 ft. and 8 ft.: compare the areas of the ellipse and rectangle.
12. What must be the minor axis of an ellipse so that the ellipse will
be § of the area of the circle described on its major diameter, which is 10 ft.?

XXIV.—SOLUTION OF A FEW PROBLEMS.

ProsLEM I.—Given the three
sides of a triangle, to find the
radius of the inscribed circle.

Let ABC be the triangle,
whose sides are a, b, and c.

Let oa = radius of the in-
scribed circle = r.

Join Ao, Bo, and Co.

Area of triangle ABC = area

A

of triangles AoB + BboC ~::'g_),—'
c.r  a.r . T
tAlb="F ++5
_ (“L’?Lc), !
T\ 2 7 ¢
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O of the trisnsle ABC
a+d+ec

Ans,

.o

. 2
Nore.—If the area of the tt'im%l;i be divided by one-half of the sum
of the sides, the radius of the inscribed circle will be obtained.
' ProBLEM I1.—The radius of a circle
is 10 in., and the angle of the sector is
60°: find the area of the segment.

Area of circle = »r® = 102 x 31416

= 314:16 sq. in.
60° x 314-16
Ares of sector = ~80°
= 5236 &q. in.
The triangle AOB is equilateral
- AresoraoB = 12> Y3
AN —_—_—8 = 102 x 433 = 43-3 8q. in.
[+ .. Area of segment ABC = 52:36 — 43-3
= 9°06 8q.in. Ans.

ProsrEM I1T.—Show that the area of a ring 18 equal to that of a circle
vghcl’se diameter is a chord of the exterior circle touching the interior
circle.

Let BO = R = radius of exterior circle.

QO = r = radius of interior circle.

Let CD = chord of circle BCAD, ;vhich is also a tangent to the inner

circle.

It is required to prove that the area
of the circular ring is equal to the area
of a circle whose diameter is CD.

BP=BO+OP=R+17r
AP=BO—-0Q=R~—17»
SBPXAP=R+7rDR=r
But BP x AP=CP.PD =C
A (Buc. IIL 35) (Sect. XVIL. ().
SRR =1 =CP2

Multiply by .

Then » (R + ) (R — r) = »CP2

But xR +7) (R=—17) =area of
the ring (Sect. XX. (). :

And xCP2 = area of circle, radius

. . CP (Sect. XX. (b)).
o Area of the ring = area of circle whose diameter is CD.
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XXV.—MISCELLANEOUS EXERCISES. -
(See Easy Exercises IX.)

I

1. A gentleman bought a semicircular plot of ground for 500 guineas
at £122 10s. per acre: how much will the fencing cost at 5s. 6d. per
yaed ?

9. Ifthe radius of a circle is 25 ft., find the number of square feet in a
sector whose arc subtends an angle of 157° 30’ at the centre.

8. The diameter of a circle is 12-191 in.: what is the length of an
arc subtending an angle of 47° at the centre ?

4. Find the area of a parallelogram ABCD, having given AB = 557 ft.,
BC = 665 ft., and CE (the perpendicular distance of the diagonal BD [rom
C) = 532 ft.

5. What is the area of an hexagon inscribed in a circle of 9 in, radius ?

- 8. The base of a circular segment is 16 in., and the height is 3 in.:
find the diameter of the circle of which the segment is a part.

: 1L

1. In a triangle ABC, AB = 340 ft., AC = 429 ft., and a perpen-
dicular BD on AC divides AC into segments, of which DC is 21 ft. longer
than AD: find BC.

2. How many inches long is an are of 36° 47’ at the centre of a circle
whose radius is 2 ft. 4} in.?

8. A circus ring is 30 ft. across, and is carpeted for 22 ft. from the
centre, leaving an outer ring of tan : what is the area of the tan ?

4. A sector is cut from a circular plate of 3 ft. in diameter; the angle
of the sector measures 75°: what is the area of the sector ?

5. What is the length of carpet 3 ft. 6 in. wide, which will cover a
room?18 ft. by 16 ft.,, 8o as to leave a space one foot wide all round the
room ?

8. What will the painting of the walls of a room 15 ft. 6 in. long,
14 ft. broad, and 12 ft. 6 in, high, cost at 5d. per square yard ?

IIL.

1. The area of a quadrilateral field ABCD is 3'12 ac.; the lines AE,
CF, perpendiculars to the diagonal BD, are 420 lks. and 180 lks. respec-
tively, and the side AB is 580 lks.: find the lengths of BD and DA,

2. One end of a string 14 ft. long is fastened to a stake, and a circle
described with the other end: what will be the area of the circle ?

8, The radius of a circle is 2 ft.: what will be the arca of a sector
having its angle 20°?

F
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4. If the cost of paving a floor 12} yds. long by 6 yds. 4} in. wide
with tiles 7 in. square be £70 17s. 6d., find the price of the tiles per 100.

5. The diameter of a circle is 12 ft.: find the area of a square inscribed
in it.

6. Draw the plan and find the area of a fleld from the following
measurements :—

ToE O 300
To D 120 250
225 150 to G
ToC 50 125
100 120to H

To B 100 75
From A | gowest
IV.
1. A circular piece of ground is 16 yds. in radius, and consists of a
circular flower- surrounded by a gravel walk of uniform width, whose

area is equal to half that of the flower-bed : required the width of the walk.

2. If the chord of a segment be 48 ft., and the height of the segment
6 ft., what is the area of the segment ?

8, On opposite sides of a base, which is 120 yds. long, two isosceles
triangles are drawn ; the height of one is double the height of the other,
and the triangle that has the least altitude has a right angle for its angle
opposite the base: find the area of the quadrilateral thus formed in
acres, etc.

4. Find the side of an equilateral triangle which cost as much to pave
the area at 1s. per square foot as to fence the sides at 6s. 6d. a foot.

8. The radius of a circle is %/2 in.; two parallel lines are drawn in it,
each an inch from the centre : find the area between these lines.

8. What will it cost to carpet a room 17 ft. 6 in. long by 14 ft. 9 in.
broad with carpet 2 ft. wide at 5s. 6d. a yard ?

v

1. The angle of a sector of a circle is 274° and the diameter of the
circle is 274 in. : what is the area of the sector ?

2. How many feet in height is an isosceles triangle of which the base
is 253 in., and the area equal to that of another triangle whose sides are
184 in., 165 in., and 157 in. respectively ?

8. Find the area of a circle traced on a sheet of paper by a pair of
compasses whose legs are 6 in. long, and contain an angle of 120°.

4 The diameter of a circular cricket-ground is 624 yds.: what would
it cost to make a road round it on the outside 54 ft. wide at 8d. per
square yard ?
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5. The perimeter of one square i8 748 in., and that of another is 336 in. :
find the perimeter of a square equal in area to the two.

6. A rectangle is 8 ft. long and 7 ft. broad: find the area of a circle
having the same perimeter.

VL

1. A circle 71 ft. in circumference is divided into two segments in the
ratio of 32 : 81: what are the areas of the segments ?

2. A rectangle is three times as long as it is broad, and its area is
60 sq. ft. 27 sq. in. : find its dimensions.

8. The radius of a circle is 10 ft.; two parallel chords are drawn, each
equal to the radius: find the area of the zone between the chords.

4. A plan of an estate is drawn on a scale of 1 in. to 20 ft. : find what
space on the map will correspond to 8000 sq. yds. of the estate.

5. A ladder 25 ft. long stands upright against a wall: how far must
the foot of the ladder be drawn out so as to lower the top half a foot ?

8. A regular polygon of 12 sides is inscribed in a circle of which the
radius is 1 ft. : find the area of the polygon.

VIIL

1. The area of a regular hexagon circumscribed by a circle is 1223 sq.
in. less than that of the circle: find a side of the hexagon.

2. What length of rope will tether a goat in } ac. of grass?

8. The cost of paving an elliptical courtyard was £23 2s. at 3s. 6d. a
square yard; the minor axis measured 36 ft.: find the length of the
ajor axis.

4. The sides of a right-angled triangular field, including the right angle,
are 357 ft. and 476 ft.: find the area of the field.

5. A circle is 4 ft. in circumference: find the area of the square
inscribed in it. .

8. Find the side of a regular hexagon which shall be equal in area to
an equilateral triangle, each side of which is 150 ft.

VIIL

1. The area of an isosceles triangle is 56} sq. in.; each angle at the
base is 45°: find the length of the base.

2. The superficial ring containing the minute divisions on the face of
a clock has for its outer diameter 9'6 in., and for its inner diameter
9-48 in.: what decimal of a square inch is the space occupied in each
division ?

8. An equilateral triangle and a square have the same areas: compare
their perimeters.

4. Find the cost of paving a quadrilateral courtyard whose diagonal is
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85 ft., and the perpendiculars on it from the opposite corners 34 ft. and
40 ft., at 6s. a square yard.
. 8. ABC is a quadrant of a circle whose centre is A ; the radius AB is
7% yds.: find the length of the arc.
6. Find the rent of a square field whose diagonal is 7 ch. 15 lks. at
£2 5s. per acre.

IX.

1. What is the area of a triangle ABC, its sides being AB = 293,
AC = 234, BC = 85? How far must the base AC be produced to meet
BD, the perpendicular altitude ?

2. The side of a square is 16 ft.; a circle is inscribed in the square
go as to touch all its sides: find the area between the circle and the
square.

8. A circle and a square have the same perimeter: compare their
areas. '

4. What will it cost to carpet a room 15 ft. 8 in. long, and 13 ft. 6 in.
broad, with carpet 3 ft. 6 in. wide at 4s. 9d. a yard ?

5. Find the area of the segment of a circle, the angle of the sector
being 30°, and the radius of the circle 10 ft.

8. If the sides of a triangle are 26 in., 28 in., and 30 in., respectively,
find the diameter of the circumscribed circle.

X.

1. The an%le Binthe triangle ABCis a right angle; AB = 25, BC = 15;
‘from a point D in AG, a line DE is drawn perpendicular to AB, making
AE = 18: find the area of the triangle AED.

2. Two unequal circles touch one another, the sum of their circum-
ferences being 88 in.: what is the distance between their centres ?

8. The chord of a sector of a circle is 198, and the diameter is 280 :
find the area of the sector.

4. How much ground, in a semicircular garden, is enclosed by 249 yds.
of fencing ?

8. Two square fields jointly contain 6 ac., and the side of one is three-
fo?:lt}:s as long as that of the other: how many acres are there in each
field *

8. One of the parallel sides of a trapezoid is 2 in. longer than the other,
the perpendicular breadth is 7 in., and the area 66} sq. in.: find the
lengths of the two parallels. ‘
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BOOK III.

XXVIL—ON THE MEASUREMENT OF SOLIDS.

A solid is a body having three measurements or dimensions,
length, breadth, and thickness. ' ’

Table of Solid or Cubic Measure.

12 x 12 x 12 = 123 = 1728 cubic inches = 1 cubic foot.
3x8x3= 3= 27cubicfeet = 1 cubic yard.

(a) The product arising from the multiplication of measure-
ments of three dimensions may be found in several ways.

(i.) By Fracrions.
Required the product of 3 ft. 9 in. by 2 ft. 8 in. by 4 ft. 6 in.
3ft.9in. x 2ft. 8in. x 4 ft. 6 in. = 3} x 2§ x 43}
=215 x § x § =45cub. ft. Ans.

(ii.) By Repucrion.
The same example as before will be
45 in. x 32 in. x 54 in. = 77760 cub. in, = 45 cub. ft. Ans.
(iii.) By DuopEciMaLs.
Table of Duodecimals.

12 cubic inches = d‘;‘ of a solid foot = one solid second.
144 cubic inches = ¢ or 4 of a solid foot = one solid prime.
1728 cubic inches = une solid or cubic foot.

The unit of volume is a cubic inch, whicl3 is a solid, measur-
ing one inch in length, one inch in perpendicular breadth, and
one inch in perpendicular height.
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Thus ABCDEF is a solid or cubic inch, having AB, BC,
and OD each one inch.

12 of these cubes make one solid
second.

144 of these cubes, or 12 solid
seconds, make a solid prime.

1728 of these cubes, or 12 solid
primes, make one cubic foot.

A solid second, therefore, is a
L c solid which measures 12 in. long,
g 1 in. broad, and 1 in. high.

. A solid prime, therefore, is a
solid which measures 12 in. leng,
12 in. broad, 1 in. high.

And a solid or cubic foot measures 1 ft. long, 1 ft. broad,
and 1 ft. high.

Therefore the product of—

Square inches X inches
Square inches X feet
Superficial primes X inches
Square feet X inches
Superficial primes X feet
Square feet x feet

Example.—Required the product of 8 ft. 9 in. by 4 ft. 6 in. by 5 ft. 4 in.

ft. in.
3 9
4 6

15 0=3ft. 9in. x 4 ft.
110 6 =3 ft. 9in. X 6 in.

10 6 =3 ft.9in. x 4 ft. 6in.

-
meccceme ofoa. m

cubic inches.

solid seconds.
solid seconds.
solid primes.

solid primes.

cubic feet.

[ I T [ T

16 10
5 4
84 4 6=16sq. ft. 10' 6" x 5 ft.

5 760=16sq. ft. 10' 6" x 4 in.

90 000=16sq. ft. 106" x 5t 4in. Ans.

(b? The quotient arising from the division of a measurement
of volume by a measurement of length must give a measure-
ment in area.
Thus cubic inches <~ inches give square inches.
Cubio feet < feet give square feet.
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Again, the quotient arising from the division of a measure-
ment of volume by a measurement of area must give a
measurement of length.

Thus cubic inches =~ square inches give inches.
Cubic feet - square feet give feet.

The results, as in multiplication, are obtained in various
ways.

Example.—Required the quotient obtained by dividing 85 cub.- ft.
696 cub. in. by 4 ft. 4 in.

(i.) By Fracrions.

85888 + 4} = L4I10 cub. ft. X 7 ft. = 14J§}¢ sq. ft. = 19 sq. ft. 1025q. in. Ans.

(ii.) By Repucrion.

85 cub. ft. 696 cub. in. -+ 4 ft. 4 in. = 147576 cub. in. <+ 52 in. = 2838 sq. in.
=19 sq. ft. 102 8q. in. Ans.

(¢) The unit of volume is a cubic inch, and it has been
found by actual experiment that such a cube of pure water
weighs 252-458 grs.

.". One cubic foot of pure water weighs 252°458 grs. x 1728.

But an avoirdupois pound weighs 7000 grs.

<. A cubic foot of pure water weighs 252458 x 1728 Ibs. avoir,

252-458 x 1728 x 16 7000
458 x 1728 x 1 )
= 7000 ozs. = 99713 ozs,
This is 80 near 1000 ozs. that a cubic foot of water 18 generally con-
sidered to weigh 1000 ozs., or 623 1bs.

Again, by actual experiment, it has been found that a gallon of water
weighs 10 lbs. = 7000 grs. x 10.

ut one cubic inch of pure water weighs 252°458 grs.
.. Number of cubic inches occupied by one gallon} _ 10 x 7000

of water 252-458

= 277274 cul;: .ins. N
This result is so near 277}, that a gallon of water is generally con-
sidered to occupy 277% cub. in.

(See Easy Exercises X.)

EXERCISE XXI.

1. Find the cube of 2 ft. 8 in.

2. Find the product of 54} ft. by 5 ft. by 2 ft. 5 in.

8. How many cubic inches are there in 22} cub, yds.?

4. How many cubic yards are there in 3} million cubic inches ?
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5. A vessel holds 15 gallons: what are its cubical contents ?

6. ‘A cistern holds 320 gallons of water: find its weight.

7. How many cubic inches of water weigh a ton?

8. What is the weight of 1000 cub. in. of water?

9, What is the volume of 1000 grs. of water ?

10. Find the product of 6 yds. 2 ft. 7 in. by 3 ft. 4 in. by 2 ft. 11 in.
11. Find the product of 12 sq. ft. 80 sq. in. by 2 ft. 7 in.

12. Divide 155 cub. ft. by 5 ft. 4 in.

18. Divide 241 cub. ft. 864 cub. in. by 5 ft. 9 in.

14. How many cubic inches are there in a vessel which holds one and
a half pints of water ?

18. What weight of water will a vessel hold whose volume is 4} cub. ft. ?
16. What quantity of water will weigh 1 ton?

17. A ton of sea-water measures 35 cub. ft.: what is the weight of a
gallon of sea-water ?

18. Find the volume in cubic inches of a pint of water correct to the
fourth place of decimals.

19. What is the weight of a bar of iron 8 ft. by 2 ft. by 3 in,, its
specific gravity being three times that of water ?

20. What quantity of water will a vessel hold whose capacity is
1% cub. ft.?

21. Multiply 5°01 in. by 3°5 in. by *025 in.

22, A vessel holds 1000 gallons of water: what is its volume?

28, What is the number of 3-in. cubes, which can be made out of a
solid cube whose side is 1 ft.?

24. What must be the side of a cubical cistern to hold 500 gals. of water ?

XXVIL.—-ON THE PARALLELOPIPED.
DEFINITIONS.

A parallelopiped is a solid bounded by six parallelograms, of
which each opposite two are equal and in parallel planes.

Fig. 1.

A prism is a solid whose sides are parallelograms, but whose
ends are any rectilineal figure.
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Thus prisms may be triangular, pentagonal, hexagonal, eto.

Thus the figure ABCEG is a pentagonal prism, having its
sides parallelograms, but its ends pentagons.

Hence a parallelopiped is one form of prism having its ends
also parallelograms.

A rectangular parallelopiped is one whose six faces or bound-
ing ﬁ»arallelograms are rectungles. Thus Fig. 1is a rectangular
parallelopiped.

A cube is a rectangular parallelopiped whose six faces are
squares.

(2) To find the surface of a rectangular parallelopiped.

Let ABCEFG be a rectangular parallelopiped.
Let AB = length = a, BC = breadth = b, BH = height = A.

F E
C
H
I Y R c
A B
Then area of surface ABCD = ab
" , GHEF = ab
- .~ BHCE = bh
. » ADFG = bh
. . ABHG =ah

» » DCEF =ah
. Total surface = 2 (ab + bk + ah)

RULE.— Take the sum of the area of the six faces.
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(b) To find the surface of a cube.

If the parallelopiped be a cube,
Then AB=BC =BH =¢a
Total surface = 2 (a2 + a? + a?) = 6a?

RuLE.—Multiply the square of the length of the side by six.

(c) To find the volume of a rectangular parallelopiped.

The solid may be considered as composed of thin lamins of
the area of the base placed over one another to the height
given.

Let a = length, b = breadth, and & = height.

Then area of base = ab
.*. Volume = ab x %
In the parallelopiped ABCDEF, if the length AB is 8 units, and the

s 7 7 7 7
e S S/

A 8

breadth BC 3 units, and the height AF 3 units, it is evident that the
volume = 8 x 8 x 3 cubic units = 72 cubic units.

RULE.—Find the continued product of the length, breadth, and height;
or, Multiply the area of the base by the height.

(d) To find the volume of a cube.

If the pamllel?f:iped be a cube,
hen length = breadth = height = a
. Volume of cube = a X @ X a = a®

RuLE.—Take the cube of the length of the side,



ON THE PARALLELOPIPED. 78

(e) To find the height of a parallelopiped, the area of the base and the
volume being given.
Let V = volume, and A = area of the base, and & = height.
NowAxh=V .h=y

RuLE.—Divide the volume by the area of the base.

(/) To find the area of the base of a parallelopiped, the volume and
height being given.
NowA xh=V .'.A=)—:
RuLE.—Divide the volume by the height.

(9) To find the side of a cube, the volume being given.
Let V = volume, and s = length of side.
Nowe=V 8= 3V
RULE.—Take the cube root of the volume.

(k) To find the diagonal of a cube, the
side being given.
Let side of the cube BD = s.
Then CD = diagonal of the base = s4/2
AD = diagonal of the cube

< AD? = AC? + CD? = 82 4 252 = 35
»AD =5,/38

RULE.—Multiply the side by the square root

of 8.
’ (See Easy Exxrcises XI. A, B, anp C,

EXERCISE XXII.

1. Find the volume of a rectangular parallelopiped 7 ft. 9 in. long, 4 ft.
6 in. broad, and 2 ft. 3 in. deep.

2. Find the volume of a cube whose side is 15 ft. 4 in.

8. Find the number of cubic feet in a room 11 ft. 8 in. long, 10 ft.
5 in. wide, and 9 ft. 3 in. high.

4. The area of the base of a rectangular parallelopiped is 1000 sq. in. ;
its height is 1 yd.: find its volume.

5. Find the weight of 8 fir planks, each 6 ft. 6 in. long, 11} in. wide,,
and 4 in. thick, at 33 Ibs. the cubic foot.
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6. Find the length of the edge of a cube whose volume is 110 cub. in.

7. What weight of water, to the nearest cwt., will a rectangular cistern
5ft. 6 in. long, 5 ft. 6in. wide, and 5 ft. 3 in. deep hold ?

8. How many gallons of water will a rectangular cistern 9 ft. 9 in. long,
4 ft. 6 in. broad, and 3 ft. 5 in. deep hold ?

9. Find the weight of a cubic fathom of water.

10. A cubic foot of wood weighs 20 1bs.: find the weight of 10 planks,
each 30 ft. long, 1 ft. wide, and 1 in. thick.

11, What is the length of the edge of a cubical cistern which contains
as much a3 a rectaugular one whose edges are 154 ft. 11 in., 70 ft. 7 in.,
and 53 ft. 1 in.?

12. What is the weight to the nearest pound of the plating of an iron
tank open at the top, 27 ft. square at the base, and 9 ft. high? The
plating is yi of an inch thick, and 4} per cent. is to be allowed for rivets
and overlapping of plates. The iron to be reckoned at 480 lbs. the cubic
foot. '

18. A piece of copper 1 ft. long, 9 in. wide, and § in. thick, is rolled
into a plate 6 it. long and 4 ft. wide: how thick will the plate be?

14, A cubic foot of copper weighs 560 lbs. It is rolled into a square
bar 40 ft. long.. An exact cube is cut from the bar: what is its weight
in pounds?

15. Find the diagonal of a cube the edge of which is 12 ft.

16. The diagonal of a cube is 15 ft. : find its edge.

17. Find the total surface of a parallelopiped whose length is 9 ft. 5in.,
breadth 3 ft. 5 in., and height 2 ft. 4 in.

18. Find the surface of a cube whose side is 5 ft. 10 in.

19. A cistern is partly filled and has 150 gallons of water in it : if the
length of the cistern be 4 ft. and the breadth 3 ft., find the depth of the
water.

20. The three edges of a rectangular parallelopiped that meet in an
angle are respectively 25 ft., 54 ft., and 160 ft.: find the side of a cube
which has the same volume.

21, A cube contains 11 cub. ft. 675 cub. in.: find the length of its

e.

22, The contents of two cubes are respectively 5359-375 cub. ft. and
5°859375 cub. ft.: find the difference of the lengths of their edges in
inches. ‘

23. The three edges of a rectangular parallelopiped are 3 ft., 2:52 ft.,
and 1523 ft. : find its volume.

24. A cubical block contains 1 cub. yd. 2 cub. ft. 541 cub. in.: find
the cost of covering its entire surface with lead at 1s. 6d. per square
foot.

25. A log of timber is 18 ft long, 18 in. broad, and 14 in. thick: if
2} solid feet be cut off the end of it, what length is left ? .
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26. How many gallons will a cistern hold whose iength, ‘breadth, and
depth are 4 ft. 9 in., 3 ft. 6 in., and 2 ft. 9 in. respectively ?

27. The diagonal of a cube is 5 ft.: find its volume..

28. What depth must a cistern 7 ft. long by 4 ft. broad be to hold
2500 gals. of water.

29. Find the diagonal of a cube whose volume is 1000 cub. ft.

80. What quantity of water will a cistern 4 ft. long, 3 ft. 6 in, broad,
and 3 ft. deep hold ? .

XXVIIL—ON THE OBLIQUE PARALLELOPIPED.

‘An oblique parallelopiped is one which has its edges oblique -
to the base; that is, its faces are not rectangles.

» A ’ F
N AN
B y L. < /
\/ \\
c D

Thus ABCDEF is an oblique parallelopiped, and all its angles ABC,
AFE, EDC, etc., are either greater or less than right angles.

(@) To find the surface of an oblique parallelopiped.

It is evident that the total surface will be as in the case of
the rectangular parallelopiped—the sum of the surfaces of its
six sides. These sides will be rhomboidal in form instead of
rectangular.

RuLE.—Take the sum of the areas of the six faces.

(b) To find the volume of an oblique parallelopiped.

Let ABCDEG be an oblique parallelogram.

It has been shown (Sect. VIL.) that an oblique parallelogram is equal
in area to a rectangle on the same base and having the same perpendicular
altitude, so an oblique parallelopiped has the same volume as the rectangular
parallelopiped on the same base and of the same perpendicular height.

Thus the obliqu:egarallelopiped ABCDEG g:.s the same volume as

the right parallelopiped FGCDEK, being on equal bases and of the same
perpendicular height. .
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This may also be shown by taking a perpendicular section EKFH
and placing the piece EGAFH thus cut off at the other end, DNBMC;

Fig. 2.

thus it is evident that the oblique solid ABCDEG is equal to the right
solid FMCDEK.

RuLE.—Multiply the area of the base by the perpendicular height ; or,
Multiply the area of the right section by the length of the parallelopiped.

EXERCISE XXIII.

1. Find the volume of an oblique parallelopiped the area of whose
base is a rhombus whose diagonals are 10 ft. and 8 ft., and perpendicular
12 ft.

2. Find the volume of an oblique parallelopiped whose length is 8 ft.,
and area of a right section is 12} sq. ft.

8. The area of the base of a parallelopiped is 60 sq. in. its perpen-
dicular height is 3 ft. : find its volume.

4. The dimensions of a right section of an oblique parallelopiped are
8 in. by 6 in., and its leogth 20 in.: find its volume.

5. In Fig. 2 let AB = 20 in.,, FH = 4 in.,, and FK =6 in.: find the
volume.

6. What is the volume of an oblique parallelopiped the area of whose
right section is 1} sq. ft., and whose length is 5 ft.

9. The right section of a parallelopiped which is 6 ft. long measures
1 ft. by 1} ft.: find its volume.

8. The area of the base of an oblique parallelopiped is 3} sq. ft., and
its perpendicular height 6 ft.: what is the area of the right section of the
solid if its length is 8 ft.?

9. Find the perpendicular height of an oblique parallelopiped whose
gaso ifs 2} sq. ft. and length 5 ft., if the area ofp:he right section is

8q. ft.

10. Find the volume of an oblique parallelopiped whose base is a
rhtin;bus with diagonals 5 in. and 8 in., and whose perpendicular height
is 1 ft.
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11, Find the volume of an oblique parallelopiped whose length is
10 in., and the area of whose right section is 15 sq, in,

XXIX.—ON RIGHT PRISMS AND CYLINDERS.

A cylinder is a solid which is bounded by a circular surface,
and whose two ends are parallel.

A right circular cylinder is one which has its axis perpen-
diocular to the base, and its base a circle.

Thus Fig. 1 is a right circular cylinder, having the axis OP
perpendicular to the base, which is a circle.

eemreeman,
- -
P -

9 A oY
A S -
Fig. 1. Fig. 2.
P Mo, D ____.- c

The cylinder is produced by the revolution of a rectangle
round one of its sides.

Thus in Fig. 2 let ABCD be a rect- E D
angle revolving round the side AD, then
BC will trace the lateral surface, and AB

and DC will trace the circular bases. F c
AD is the awis of the cylinder, and DC the N
radius,

A prism is a solid whose ends are of
equal area and parallel, and whose sides
are parallelograms.

A right prism has its sides perpendicular 7 \
to the ends, hence each side is a rectangle. ¥ 5
Thus ABCDEFG in Fig. 3 is a pentagonal \/ 8
right prism, having each of its ends a g)entagon A,
and parallel to one another, whilst the five sides

are each rectangles.
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(a) To find the surface of a right prism.
Tt is evident that the total surface will be the sum of the
area of the two ends and of the sides or faces.

Let ABCDEF be a triangular prism.
Let AB = a, BC = b, AC = ¢, and the height BF = .

E  p Then the area of each end = /(s — ) (s— b) (s — ¢)
: a+bdb+e
N where s = ———

Area of face ABFE = alk

» » BFCD = bk

» s ACDE = ch
. Total area = 24/s(s —a) (s ~ b) (8 — ¢)

+ha+b+c)
A C  Rune.—Take the sum of the areas of the two ends and
B of the areas of the sides of the prism.
Fig. 4

() To find the volume of a right prism.
The solid may be considered as so many thin lamines of the
area of the base placed one over the other.
In Fig. 4 let A = area of the base.
Then volume = A x &
RuLE.—Multiply the area of the base by the height.

(¢c) To find the lateral surface of a right circular cylinder.
Let ABCD be a right circular cylinder. Suppose it to be hollow and

D( 2C *® L
A’\__.\,/B ¥ ’ y

cut open along the line «y, and the sufface then spread out. It is evident
it would take the form of the rectangle xzyy.
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Hence lateral surface = xx % xy
But a2 = circumference = ¢
Also zy = height = 4
.". Lateral surface =¢ x A
Let » = radius of the cylinder.
Then ¢ = 2xr
.. Lateral surface = 2xrh

RUuLE.—Multiply the circumference of the cylinder by the height.
(d) To find the total surface of a right circular cylinder.

Total surface = area of ends + area of lateral surface.
But area of each end = m?
Also area of lateral surface = 2xrh
.. Total surface = 2xr2 + 2xrh = 2xr(h + 1)
But 2xr = ¢
.". Total surface = ¢(h + r)

RULE.—Multiply the sum of the radius and height by the circumference.

(¢) To find the volume of a right circular cylinder.

The solid may be regarded as composed of many thin
lamin® of the area of the base placed over one another to the
height of the cylinder.

.. Volume of cylinder = area of base x A
But area of the base = =r?
.. Volume = m?h
RULE.—Multiply the area of the base by the height of the cylinder.
(See Easy Exercises XII.)

EXERCISE XXIV.

1, Find the total surface of a triangular right prism whose sides are
2 ft. 8 in., 1 ft..5 in., and 1 ft. 5 in., and whose height is 1%} ft.

2. Find the lateral surface of an hexagonal right prism, each edge of the
base being 2 ft. 3 in., and the height 5 ft.

8. Find the total surface of a right cylinder whose radius is 10 ft. 6 in.,
and height 2 ft. 4 in.

4. Find the lateral surface of a right cylinder whose diameter is 8 ft.
3 in., and length 6 ft. 8 in,
5. Find the number of cubic feet in a stone cotamn 12 in, in diameter
and 12 ft, high,
6. A well is 35 ft. deep, and has a diameter of 3 ft.: what is its
capacity ?
¢}
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7. A brewer’s vat, cylindrical in form, holds 1000 gals. of water, and its
diameter is 7 ft. : find its depth.

8. Find the surface of a right cylinder whose radius is 4 ft., and height
100 ft.

9. Find the volume of a right cylinder whose length is 8 ft. 10 in., and
circumference 4 ft. 6 in.

10. The diameter of a well is 3 ft. 9 in., and its depth 45 ft.: what did
the excavation cost at 7s. 3d. per cubic yard ?

11. Find the whole surface of an hexagonal right prism 25} ft. long,
the central diagonal of its base being 2} ft.

12. Find the volume of a triangular right prism whose length is 5 ft.
and the sides of whose base are 6 in., 8 in., and 10 in. respectively. ’

18. A rod of iron, cylindrical in shape, is 42 ft. long, and its diameter
is 1} ft.: find its volume.

14. What quantity of sheet iron is required to make a right cylinder
2 ft. in diameter and 40 ft. long?

15. How many cubic yards were dug qut in making & well whose depth
was 15 ft., and diameter 3 ft. 6 in. ?

16. A circular shaft is 90 ft. deep and 3 ft. 9 in. in diameter: find the
cost of sinking it at 14s. 6d. a cubic yard.

17, Find the total surface of a triangular right prism whose three sides
are 10 in., 6 in., and 8 in., and whose perpendicular height is 15 in.

18. A cylindrical mug is 16} in. in circumference on the inside, and its
depth is 6+4 in.: how many pints will it hold ?

19. Find the total surface of a right cylinder whose height i8 3 ft., and
diameter 10 in.

XXX.—ON OBLIQUE PRISMS AND CYLINDERS.

An obliqgue prism is one whose lateral
E ;ides are not at right angles to the
: base,

. Thus ABCDEKH isan oblique prism, baving
its angles GBC, GBA, etc., each either greater
or less than right angles.

An oblique cylinder is one whose axis
is not perpendicular to the base.

(2) To find the surface of am obligue
prism.
It is evident that the total surface will be, as
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in the case of the right prism, the sum of the areas of the two ends and
of the area of the sides or faces. These sides or faces, instead of being
rectangles as in the rectangular prisms, will be rhomboidal in form.

RuLg.—Add the sum of the areas of the two ends and of the ares of
the sides of the prism together.

(b) To find the volume of an oblique prism.

It has been shown (Sect. XXVIIL) that an
oblique parallelopiped is equal in volume to a right

llelopiped of the same perpendicular height, and
y similar reasoning it may be shown that an oblique
rism has the same volume as the rectangular prism,
> viﬂg' the same base and of the same perpendicular
eight.

Thus the oblique triangular prism ABCDE is of
the same volume as the rectangular prism EDCba
upon the same base EDC, and baving the same g
perpendicular height Ea.

RuLE—Multiply the sres of the base by the o
perpendiocular height.

(¢) To find the lateral surface of an oblique cylinder.
Let ABCD be an oblique cylinder. Suppose it to be hollow and cut

SR

P S

y

open along the line zy, and the surface then spread out. It is evident it
would take the form of the rhomboid zxyy.
Henee lateral surface = 2x X wo.
But oz = circnmmoehof cghndc;lr
Let o = ic eight = A.
perpe o~ Lateral surface = ¢ x &
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Let » = radius of the cylinder.
Then ¢ = 2xr
.. Lateral surface = 2wrhk

RuLE.—Multiply the circumference of the cylinder by the perpendicular
height.

(d) To find the total surface of an oblique cylinder.

Total surface = area of two ends + area of lateral surface.
But area of each end = »r2
Also area of lateral surface = 2xrk
»~. Total surface = 2xr2 + 2mrh
=2xr(r+ &)
But 2xr =¢
.. Total surface = c(r + &)

RULE.—Multiply the sum of tho radius and height by the eircum-

(¢) To find the volume of an oblique cylinder.

By similar reasoning as in the case of
the oblique parallelopiped aund prism, it
.......... A may be s%own that an oblique cylinder has
the same volume as that of the right
cylinder having the same base and the
same perpendicular height.

Thus the oblique cylinder ABCD is of
the same volume as the right cylinder
ABcd on the same base and having the
same perpendicular height Ad.

. Volume of cylinder = area of the
base x Ad

Let r = radius of the base, and Ad = A.
.. Volume of cylinder = #r2 x h = »r%h

RuLE.—Multiply the area of the base by the perpendioular height.

Note.—1It will thus be seen that the rules for the oblique solids are the
same as those for the rectangular solids, if by height is always understood
perpendicular height.

.........
s

.........

(f) To find the volume of any oblique solid, having given
the area of a right section and' its length.

Take any oblique solid ABCDIKF.
Take a section at right angles to its edges FG,H,D,K,. Suppose
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this wedge-shaped solid thus cut off

FG,H,D,IK to be placed at the other

%r’nd of the prism F on A, G on B, Hon
etc.

Because the areas of the two ends
ABCDE and FGHIK are equal and
similar, therefore they will exactly co-
incide, and the volume of the original
oblique solid will equal that of the right
solid of the same length.

Thus the volume of the above
solid will equal area of FG,H;D,K,
x FA.

RuLE.—Multiply the srea of the
right section by the length of the
solid.

EXERCISE XXV.

1. An oblique prism has a base of 23 sq. ft. 115 sq. in., and its n-
dicular heightis 4 ft. 7 in. : find its volume, o perpe

2. Find the volume of an oblique triangular prism whose sides at the
base are 7 in., 15 in., and 20 in. respectively, and whose perpendicular
height is 45 in.

8. Find the volume of an oblique cylinder, the radius of the base being
2 ft. 6 in., and perpendicular height 4 ft. 3 in.

4. The perpendicular height of an oblique cylinder is 4 ft. 9 in., and
the radius of the base 4 ft. 3 in. : find the side of a cube of equal volume.

5. Find the volume of an oblique prism whose base is 3 sq. ft., and
perpendicular height 1 ft. 9 in.

6. Find the volume of an oblique cylinder whose radius is 2 ft. 3 in.,
and perpendicular height 3 ft. 6 in.

7. The circumference of an oblique cylinder at right angles to the axis
is 2 ft. 6 in., and its length is 7 ft.: find its lateral surface.

8. An oblique hexagonal prism has the area of its right section
12 sq. ft., and its length is 8 ft.: find its volume.

9. The area of the base of an oblique pentagonal prism is 18 sq. in., and
its perpendicular height 10 in.: find its volume.

10. What is the lateral surface of an oblique cylinder whose radius is
1 ft., and perpendicular height 3 ft.?

11. What is the total surface of an oblique cylinder whose diameter is
15 in. at the base, and perpendicular height 2 ft.?

12, Find the volume of an oblique cylinder whose area at the base is
8} sq. ft., and perpendicular height 2} ft.
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18, Find the lateral surface of an oblique cylindeér whose circumference
at right angles to the axis is 2 ft., and the length of whose axis is 4 ft.

14. Find the volume of an oblique hexagonal prisma whose area at the
end is 4 sq. ft., and whose perpendicular height is 6 ft.

15. What is the area of a right section of an oblique cylinder
5 ft. long, whose area at the base is 4 sq. ft., and perpendicular
height 4 ft. ?

16, Find the volume of an oblique solid whose perpendicular height
is 10 ft., and base a triangle whose sides are 12 in., 6 in., and 10 in.
respectively. .

XXXI—ON CIRCULAR RINGS.
(a) To find the volume of a circular ring.

The ring may be considered as a cylinder having a circular base, as at
a. The length or height of the cylinder is the length of the mean
circumference of the ring from a to b.

Let D = diameter of the outer ring
AB, and d = diameter of the inner
ring CD.

D-ad
Then ——— = diameter of the section
2 ata

d
= radius of the section
ata

-— 2
.*. Area of section ata = r(D4 d)

d
= ¢f = diametet of mean circumference aefd

D+d
r( T+) = length of mean circumference aefd

. = length or height of sup, cylinder.
<. Volume of ring = area of section x length of mean circumference

_ (D =dye /D+d

"( 4 )’”\ 2 )
x2

= (=D — xd)* x (D + d)
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But D = circumference of outer circle = O
And »d = circumference of inner circle = ¢
. Volume of ring = g4(C — ¢)* (D + d)

RuLE.—Multiply the square of the difference of the outer and inmer
circumferences by the sum of the outer and inner diameters, and take one
thirty-second part of the produet.

(6) To find the volume of a flat ring.

If the ring be flat, it may be regarded as the difference between a
;:sylmder whose diameter is AB and another cylinder whose diameter
ab.
Let AP = height of each
eylinder = &,
Let AB = D, and «b = d.
Then volume of out:r cylinder

ADBC = thz
Then volume of inner cylinder
adbe = rh‘i—i
.*. Volume of ring
= 1} (D2 —d?)

RuLE.—Multiply the difference of the squares of the outer and inner
diameters by one-fourth of the height multiplied by .

EXERCISE XXVI

1. What is the volume of a circular ring whose outer diameter is 2 ft.,
and inner diameter 1 ft. 8 in.?

2, Find the volume of a circular ring whose outer diameter is 3 in.,and
thickness of the ring £ of an inch.

8, Find the volume of a flat ring whose outer diameter is 3 ft., inner
diameter 2 ft., and height 3 in.

4, The length of the outer circumference of a gold ring is 1% in., the
circumference of the section of the ring 4 of an inch: find the contents
of the ring to the thousandth of a cubic inch (r = 33).

5. A flat ring has an outer diameter of 4 ft., the thickness of the
metal is 3 in,, and the height of the ring 2 in. : find its volume,

6. Find the volume of a circular ring whose outer circumference is
8 ft., and inner diameter 8 in,

¥, What is the volume of a flat ring whose outer circumference is 3 ft.,
and inner diameter 8 in., and the height of the ring 1§ in.?



88 LONGMANS’ SCHOOL MENSURATION.

8. A circular ring has an outer circumference of 12 ft.; the thickness
of the ring is 3 in.: find its volume.

9. A flat ring has an outer circumference of 12 ft.; the thickness of
the ring is 8 in., and it is 3 in. high: find its volume.

10. What is the volume .of a circular ring surrounding a circular
cistern 5 ft. in circumference, the thickness of the ring being 8 in. ?

11. What is the volume of a flat ring surrounding a circular driving-
wheel whose circumference is 16 ft., the ring being 6 in. thick and 4 in. deep?

12. A circular cistern 6 ft. in circumference is surrounded by a circular
ring 4 in. thick: find the volume of the ring. v

18. A flat ring surrounds a wheel 12 ft. in diameter, the ring being
4 in. thick and 6 in. deep : find its volume.

14. A circular ring has an outer circumference of 3 ft., and an inner
circumference of 13} ft. : find its volume.

15. What is the difference in volume between a circular ring and a flat
ring, the external and internal diameters of each being 5 ft. and 4 ft., and
the height of the flat ring being equal to the thickness of the circular ring ?

XXXIL—ON THE PYRAMID.

A pyramid is a solid whose base is a rectilineal figure, and
whose sides are three or more triangles which meet at a point.

Pyramids, therefore, may be triangular, quadrilateral, pen-
tagonal, etc.

(2) To find the lateral surface of a pyramid.

Let ABCD be a triangular pyramid.
The area of the lateral surface will equal the area of the sides ABD,
D BDC, and ADC.
Draw DH perpendicular to BC. This will be
the slant height of the pyramid.

Area of face ABC = EXT’E
Area of face ADB = %)E
Area of face ADC = AC—;‘D—H
A C . Total lateral surface DH
H = (AC + AB + BC) x —~
B = Perimeter of base x half the slant height.

RULE.— Multiply the perimeter of the base by one-half the slant height.
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(%) To find the volume of a pyramid.
Let ABCD (Fig. 1) be a id.
Complete the prism BC'S EA, of which the pyramid was a part, by
drawing CE and DF parallel to AB, and cutting them by a plane AEF
parallel to BCD,

T .-_---_..--.’.777 A
7
f
’ ol:"
Frd
/
[
ry
s
8 B D
[+
Fig. 2.

Fig 1.

Then there are formed three pyramids :
(i% BCDA on base BCD with apex A (Fig. 2); or on base ABD with
apex C.
ii.) AEFC on base AEF with apex C (Fig. 3). .
hiii.) FgCA on base FCD with apex A (Fig. 4); or on base ADF
with apex C.
Let AO be the perpendicular height of the prism (Fig. 1).

=

Fig. 8. Fig. 4.

Then pyramid BCDA (Fig. 2) = pyramid AEFC (Fig. 3), because
they are on equal bases BCD and AEF, and are of the same height AO.

Pyramid BCDA (Fig. 2) = Byramid FCDA (Fig. 4), because they
are on equal bases ABD and AFD, and of the same height AO.
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Therefore each pyramid is } of the prism.
But volume of prism = area of base x height.

. Volume of pyramid = 3_’"°Lb”‘;_x_lﬂt

RuLe.—Multiply the ares of the base by oné-third of the perpendiéular
height.

EXERCISE XXVIIL

1. Find the total surface of a square pyramid whose édge measures
3 ft. 6 in., and slant height 5 ft. 4 in.

2. A triangular pyramid on an equilateral base, each of whose sides
is 15 ft., has an altitude of 30 ft. : find its volume,

8. The base of a pyramid is a regular hexagon whose side is 16 ft., and
whose petpendicular height is 25 ft.: find its volume,

4. f pyramid has a regular hexagon forits base, each side being 20 ft.,
and its perpendicular height is 12 ft.; find its cubical contents,

6. The great pyramid of Egypt was 481 ft. high, and its base was
764 ft. square : find the volume to the nearest number of cubic yards.

6. It is desired to cover a piece of %round 80 ft. square by a pyramidal
tent 30 ft. in gerpendiculst height. Find the oost of the canvas at 43d.
per square yard.

7. If a pyramid is cut into two pieces by a plane parallel to the base
and half-way between the vertex and the base, compare the volumes of
the pieces thus formed.

8, Find the volume of a triangular pyramid, each side of the base
being 5% ft., and the perpendicular height 30 ft.

" 9, Find the whole surface of a square pyramid, each side of the base
being 12 feet, and the slant height 25 ft.

10. Find the solidity of a triangular pyramid whose perpendicular
height is 20 yds., and each of whose sides at the base is 6 ft.

11. A triangular pyramid is 193 ft. high, and the sides of ifs base are
164 ft., 183 ft., and 14} ft. respectively : find its volume.

12. Find the lateral surface of a pyramid the perimeter of whose base
is 15 ft., and slant height 8 ft.

18. Find the lateral surface of a regular hexagonal pyramid whose side
at base is 3 ft., and perpendicular height 12 ft.

14. Find the volume of a pyramid whose base is 8 sq. ft., and perpen-
dicular height 10 ft.

15. A pentagonal pyramid is 14 ft. in perimeter, and the ndicular
distance frg:ng?agapex to the edge of the baslze is 14 ft.: find its lm?:l surface.

16. The area of the base of a triangular pyramid is 24 sq. ft., #nd its
perpendicular height is 50 ft. : find its volume.
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17. It is required to cover a piece of ground, in the form of a rectingle
15 ft. long by 12 ft. broad, with a pyramidal tent 20 ft. high: how much
canvas would be required ?

18. Find the cubic contents of a pyramidal tent which covers a
rectangular piece of ground 15 ft. by 20 ft., the tent being 25 ft. high.

19. The area of the base of a pyramid 15 ft. high is 5 sq. ft. : compare
its vlc;lume with that of another pyramid with double the base and half the

eight.

20, Compars the volumes of a pentagonal pyramid a feet high with that
of an hexagonul pyramid b feet hxl);h, the area of their bases bgeing equal.

21. If a plane parallel to the base cuts a pyramid one-third of its
height from the base, compare the volume of the pieces thus formed.

28, If a pyramid 12 in. high be out by planes parallel to the base
at distances of 2 in. and 8 in. from the base, compare the volumes of the
pieces thus formed.

23. A pedestal, consisting of asolid block of granite 4 ft. square and
6 ft. high, has & pyramid having an equal base to that of the pedestal
and 16 ft. high placed on its top : find the volume of the whole.

24. What will it cost to polish the granite which is exposed to view in
the previous question at 2s. 6d. a square foot ?

XXXIII.—ON THE CONE.

A cone is a solid formed by the revolution of a right-angled
triangle round one of the sides
containing the right angle. A

Let ABC be a right-angled triangle, i
having the right angle at B, and let it
revolve round AB.

Then AC will trace out a conical
surface.

And BC will trace out a circle.

The solid bounded by this conical
surface and this circle is called a cone.
A is the vertex of the cone.

Ag is the slant height = AD = AP

ABis the height of the cone.
BO is the radius = BD = BF = BE.
(a) To find the lateral surface of a core.

Let ABC be a coné. If it be considered hollow and slit open along the
line AB, when spread out it will fotm d sector of a citcle,
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The arc of this sector is the circumference of the base of the cone, and
the radius of the sector is the slant height of the cone,

A A

B C

. Lateral surface of the cone ABC = area of the sector ABB

= arc BB x é;}
= circumference of cone x s_l_aﬂt_l;!_gh;t

Let r = radius of cone, and A = slant height.

Then lateral surface = 2xr x % = wrh

RULE.—Multiply the product of the radius and slant height by =.

(%) To find the total surface of a cone.

Total surface = area of base + area of lateral surface.
Area of base = xr
Area of Lateral surface = »rh
.. Total surface = »r2 + xrh = oxr(r + A)

RuLE.—Multiply the product of the radius and the sum of the radius
and slant height by .

These last results may also be obtained from the results previously
found for the pyramid.

For, as the perimeter of a polygon, inscribed in a circle, becomes the
circumference of the circle when the number of the sides of the polygon
is increased indefinitely, so the cone may be regarded as a pyramid having
for its base a polygon of an indefinite number of sides.
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Lateral surface of pyramid = perimeter of base x Slant ;eg' ht

But perimeter of base of polygon)] _ .
omeﬁqite number of sides } = circumference of base of cone

.. Lateral surface of cone = ¢ x g=2nxg=rrb

And total surface = xr2 + xrh = wr(r + k)
These are the results previously obtained.

(c) To find the slant height, perpen-

. . . A
dicular height and radius of the ;
cone being given.

Let ABC be the cone. AO = perpendicular
height = A.
= radius of base = r.

Then AB = slant height.
AOBisa right.-an§l triangle.
~ AB? = QA2 + OB? 8 c
». Slant height = &/ 22§ 2
RULE.—Take the square root of the sum .
of the squares of the perpendicular height and the radius of the base.

(@) To find the volume of a cone.

The volume of a cone may be obtained from that of the pyramid. For
it may be considered as a pyramid having an indefinite number of sides.
Therefore the perimeter of the pyramid ultimately becomes the circum-
ference of the cone. ‘

.. Volume of a cone = area of the base x one-third of the
perpendicular height.
Let r = radius of base, and % = perpendi%ular height.

.. Volume = =72 x 3
me.—uulﬁply the ares of the base by one-third of the perpendicular
ht.
(See Easy Exercises XI1I. axp XIV,)

EXERCISE XXVIIIL
1. Find the lateral surface of a cone whose diameter is 17 ft. 2 in.,and
perpendicular height 21 ft.

8. How many yards of canvas § yd. wide will be required for a conical
tent 20 ft. in diameter and 15 ft. high ?
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8. Find the volume of a cone the radius of whose base is 4 ft. 6 in.,
and whose height is equal to its circumference.

4. Find the volume of a cone whose perpendicular height is 7 ft., and
the radius of the base 8 ft.

5. What quantity of canvas is necessary for a conical tent whose
altitude is 8 ft., and the diameter of whose base is 13 ft. ?

8. A cone is 30 ft. high, and the diameter of the base is 1 yd.: find
the volume.

7. A cone is 2 ft. high, and its volume is 8 cub. ft.: find the circum-
ference of the base. ,

8, What is the cost of cleaning the curved surface of a cone whose
diameter at the base is 13} ft., and slant height 18§ ft., at 1s. per square
foot ?

9. Find the volume of a cone whose circumference at the base is 6 yds.
2 ft., and perpendicular height 8} yds.

10. Find the volume of a cone whose circumference is 11 yds., and
slant height 8% ft.

11. Find the volume of a cone the diameter of whose base is 8} ft.,
and whose altitude is 6 ft.

12, The diameter of the base of a cone is 9 ft., and the height is equal
to the circumference of the base: find its cost at 1s. per cubic foot.

18, The slant height of a cone is 13 ft. 5 in., and the diameter of the
base is 7 ft. 4 in. : find the cost of decorating the surface at 1s. per square
foot.

14, Find the volume of a cone, the circumference of whose base is
12 ft., and whose slant height is 15 ft.

15. What will the canvas cost at 3s. 6d. a square yard for a conical
tent whose height is 10 ft., and circumference atsaxe base 40 ft.?

16. If the radius of the base of a cone whose height is 10 in. is
4 in., find the slant height.

17. What is the total surface of a cone 24 in. in height, and 24 in.
in circumference at the base ?

18. On a cubical pedestal stands a cone 10 ft. high and 11 ft. in
circumference at the base, which touches the edges of the top of the
pedestal : find the total contents of the whole,

19, The largest possible cone is cut from a rectangular solid 3 ft, by
2 ft. by 8 ft, high: find the volume of the cone.

20. A cone is cut by a plane parallel to the base and midway between
the apex and base: compare the volumes of the solids thus formed.

21. A cone 15 in. high is cut by two planes parallel to the base at
distances of 5 in. and 10 in. respectively from the base: compere the
volumes of the solids thus formed.

28. What is the volume of the largest possible cone cut out of a cubical
block ‘whose edge is 7 ft. ?
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XXXIV.—ON FRUSTA OF PYRAMIDS.

A frustum of a pyramid is the portion of the pyramid in-
oludl?d between the base and a plane putting the solid parallel
to the base.

(«) To find the lateral surface of a frustum of a pyramid.

PA%&%) ABCDE and abcde be the two parallel planes of a pyramid
Then the area of each face of the frustum is
8 trapezoid.
Let pp be the slant height or perpendicular
between the parallel sides AB and ab.

Then area of face ABbg = (AB + azb X PP ,

and so on for all the faces.

But lateral surface = area of all the
faces.
.. Lateral surface

= (pegimeter of base 4 perimeter of top)
N s{):nt height of frustum

2
RuLe.—Multiply the sum of the peri-

meters of the base and top by onme-half the
slant height.

(6) To find the total surface of the frustum of a pyramid.

It is evident that the total surface of the frustum of a pyramid will
equal the lateral surface together with the areas of the two ends,

(c) To find the volume of the frustum of a pyramid.

Let ABCDEF be a frustum of a pyramid.
It can be cut into three pyramids, ABCE, FEDC, and EFAC.
The volume of the whole frustum will equal the volume of these three
pyramids.
Let area of ABC = 8,.
” » DEF =8,
Let height of frustum Oo = A.
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Then volume of ABCE = 8_:,3]» (Sect. XXXIL (3).)

And volume of FEDC = S,h

But it is necessary to get the volume of EFAC in terms of the other
two pyramids.

Now, volume of EFAC : volume of FEDC ;. Area AFC : Area FDC,
or as their bases, being of equal heights Oo.

A in, area AFC : area of FDC

F, D : FD, or as their sides, being

of the same height Oo ’&ct XIL)

Andside AC:FD: : #/areaof ABC

: Warea of DEF :: +/5, : /8, or

as the uare root of their areas
(Sect. XIL).

.. Volume of EFAC : volume of

FEDC:: /5, : /S,
*. Volume of EFAC

X volume of FEDC

\ oS
c V5
V8 8

B = /B x VEx o

3
.. Volume of frustum = %{Sl + /85, + Sz}

b
:;VS‘S,

RULE.—To the sum of the areas of the two ends add the square root of
the product of the areas of the two ends, and then multiply the result by
one-third of the perpendicular height.

Nore.—The square root of the product of the areas of the two ends
equals the area of the mean section.

(d) From the formula %{Sn + /88 + S,}—that is, the volume of the
frustum—to obtain the formuls for the volumes of the pyramid and prism.
(i.) If 8, = 0, then the figure becomes a pyramid, and 8, vanishes.
< Volume of pyramid = 3 8, = area of the base multiplied by one-
third of height (Sect. XXXIL)
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(ii.) If 8, = 8,, the s;:lid becomes a prism. A
.. Volume of prism = g(S, + /S8, +8) = 3 S, +8,+8)

h
=3 (38) = A8,

= area of base multiplied by height (Sect. XX VIL),
These results are the same as were obtained in Sections XXXII. and
XXVILI. respectively.

EXERCISE XXIX.

1. Find the total surface of the frustum of a Eyramid whose ends are
squares measuring 5 in. and 3 in. in the side, and whose slant height is 12 in.

2. A mound of earth is raised with plane sloping sides ; the dimensions
at the bottom are 80 yds. by 10 yds., and at the top 70 yds. by 1 yd.;
the perpendicular height is 5 yds.: find the cubic contents.

8. A hollow space is excavated in the form of a cistern 6 ft. deep; the
area at the top is 100 sq. yds., at the bottom 81 sq. yds. : find the number
of gallons it will hold.

4. Find the volume of the frustum of a triangular pyramid, the sides
of the base being 9 in., 12 in., and 15 in., and of the top 6 in., 8 in., and
10 in. respectively, and the perpendicular height being 20 in.

5. Find the solid contents of the frustum of a square pyramid, each
side of the greater end being 3 ft. 4 in., ard of the smaller end 2 ft. 2 in.,
the perpendicular height being 10 ft.

8. How many cubic feet of water can be contained in a ditch of tde
form of an inverted frustum of a pyramid if it measure 400 ft. by 20 ft. at
the top, and 300 ft. by 15 ft. at the bottom, the uniform depth being 6 (t.?

7. Find the lateral surface of the frustnm of an hexagonal p{mmid
whose perimeters at top and bottom are 5 ft. and 10 ft. respectively, and
whose slant height is 53 ft.

8. Find the volume of the frustum of a regular hexagonal pyramid
whose side at bottom is 3 ft. and at top 2 ft., and whose perpendicular
height is 6 ft.

9. Find the total surface of the frustum of a square pyramid whose sides
at top and bottom are 3 ft. and 5 ft., and whose slant height is 6 ft. 6 in.

10. A reservoir with slanting sides whose base is 50 ft. by 40 ft., and
top 75 ft. by 60 ft., is 15 ft. in perpendicular depth: find the number of
gallons of water it will hold.

11. Find the cost of excavating a reservoir whose base measures
20 yds. by 15 yds., and whose top is 30 yds. by 25 yds., and perpendicular
depth 6 yds, at 2s. 9d. a cubic yard.

12, Find the lateral surface of the frustum of a scxuare pyramid whose
base is b ft. square, and top 3 ft. square, and slant height 11 ft.

H
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XXXV.—ON FRUSTA OF CONES.

(a) To find the lateral surface of & frustum of a cone.

Let ABCD be the frustum of a cone.
From similar reasoning as before, the circumferences of the top and
bottom of the frustum of the cone may be

A considered as the perimeters of two pulygons
FAY having an indefinite number of sides. .
LAY Let C = circumference and R = radius

H . of the base.
J \ Let ¢ = circumference and r = radius

) c of the top.
- Let A = slant height = DA.

Then lateral surface = (C + ¢) x

(Sect. XXXIV. (a).)
But C = 2xR, and ¢ = 2#r

.. Lateral surface = 2x(R + r) x %

= xR + r)

RuLe.—Multiply tho sum of the radii of the two ends by x times the
slant height.

slant height

A B

(6) To find the total surface of the frustum of a cone.

The total surface will equal the surface of the bottom + surface at the
top + lateral surface.
Area of the base = xR8
”» » tOp= xrd
Lateral surface = xA(R + )
o Total surface = »{R% + r2 + R(R + ¢)}

RuLE.—To the sum of the squares of the radii of the two ends add the
product of the sum of the radil of the two ends by the slant height, and
multiply this amount by =.

() From the formula ={B? + »* + h(R + r)}—that is, the
total surface of the frustum of a cone—to obtain the
formule for the total surface of a cone and cylinder.

(i) If » = 0, then the solid becomes a cone, and » vanighes.
o~ Total surface of cone = x(R? + RA) = »R(R + A) (Sect. XXXIII. (3).)
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(ii.) If R = r, then the solid becomes a cylinder.
.. Total smface of cylinder = #{R? + R2 + A(2R)}
= #(2R? + 2Rk)
= 2xRR + &) (Sect. XXIX. (d).)
These are the same results as were obtained in Sects. XXXIIIL and
XXIX. respectively.

(d) To find the lateral surface of a frustum of a cone, the cir-
cumference of the mean section and slant height being given.

From above (a) lateral surface of a frustum of a cone = Cte

height).

C . .
But ___Z'L" = circumference of the mean section of the frustum.

x (slant

.*. Lateral surface of the frustum = circumference of the mean section x
slant height.

RuLe.—Multiply the circumference of the mean section by the slant
height.

(¢) To find the volume of a frustum of a cone.

Because the circumferences of the top and bottom of the frustum of a
cone may be regarded as the perimeters of polygons having an indefinite
number of sides, therefore we may, in the formula for the volume of a
pyramid, substitute the circumferences of the two ends of the frustum
of the cone for the perimeters of the top and bottom of the pyramid
respectively.

Let ry and 7, = the radii of the two ends of the frustum.

Then §; = =ry? S, = wrg?

Now volume of frustum of pyramid = %’(Sl + /53, +8,)
(Sect. XXXIV. (5).)

. Volume of frustum of cone = % (r 2 + Mar? x w2 + wr,?)
h -
= -g(wr,’ + x 7 5E 4 wr2)

h
= % 2+ +rd)

RuLE.—To the sum of the squares of the radii of the two ends add the
product of the radii of the two ends; multiply the result by = times one-
third of the perpendicalar height.
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(/) From the formula ;:(r.’ + r,7y + ry®)—that is, the volume of a
frustum of & cone—to obtain the volume of & cone and of a cylinder.
If vy = O, then the frustum becomes a cone.

.. Volume of cone = %",’ =ard X g (Sect. XXXIIL (d).)

If r, = ry, the frustum becomes a cylinder.

h
.. Volume of cylinder = 1l.—.;(1‘1’ +nr +n?)= ’;—(37‘1’)
= whr? (Sect. XXIX. (e).

These are the same results as were obtained in the sections on the
cone and cylinder respectively.

(9) Another method of finding the volume of a frustum of a pyramid
or cone,

The volume of a frustum of a pyramid or cone may be found by
taking the difference between the volume of the complete pyramid or cone
and that of the part cut off by the plane forming the top of the frustum.

Let ABCD be a frustum of a cone.

Complete the cone HAB,

Then the frustum ABCD may be regarded
as the difference between the cone ABH and
the cone DCH.

Let the height of the frustum OQ = A,

» Tadius of the base = R.
» » top = 1.

It is necessary to find the height of the
cones HAB and HDC,

Let HQ = .

Then HO = 4 4+«
Now HQC and HOB are similar triangles.
S HO:R: HQ:r
Thatisz +A:R .z :7r

S Re=re+4rh
" Rz — rz = 7 Le=="" _HQ
SR —rx =2k LE=p_o=
rh Rh —rh +rh Rh
ButHO_h+aa_h+R_r_ Ry SR>

=R3% )

Rh
. - — -—
.. Volume of cone HAB = :,( ) x #R?% = '?;(R—r

R—~»
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And volume of cone HDC = _.1,( Rrh r)x wr?

. Volume of frustum ABCD = } (ﬂ) - i( ﬂ)

R—17r Re=1¢r
o R3—93
=-“3—X R—r =?(R2+ Rr+r’)

This is the same result as was obtained above (Sect. XXXV.).
By writing xR? = S,, and =2 = 8,, we obtain the volume of frustum

of pyramid. X
.% Volume of frustum of pyramid = g(S, + 4/ 5,5; + 8,), which is
the same result as was obtained in Sect. XXXIV. (¢).

(%) To find the volume of a cask, or to gauge a cask.

Let EFDC be a cask.
It may be regarded as the frusta of two cones, ABCD and AEFB.
Let R =radius of the bung section

.Let 7 = radius of the end section QD.
Let A = height of the frustum OQ.
Then volume of the frustum ABCD

l/
= é(‘rR’ + xRr + m%)

This omits the small volume between A
the sides of the cask and the section
APC.
.. Volume of the cask

= 2 (B 4 oRr 4 m)
which gives the volume a little too small.
If for Rr we write RS,
Then volume of the cask = 23—h(2,.-Rs =

which gives the volume a little too large.
The sum of these two results divided by 2 will give a result sufficiently
correct for all practical purposes.

OB

2h
+« Volume of cask = é{ 3 (#R? + 7Ry + =3 4+ 2+R* 4+ rr’)}
h
=3 (3xR3? + Rr + 2xr?)

= %h (3R? + Rr + 24%)



102 LONGMANS' SCHOOL MENSURATION.

If instead of » = OQ we take %, = height of the cask = 20Q = 24
Then volume of cask = '—:—' (38R + Rr + 2r%)

RuLE.—Find the total sum of three times the square of the radius at
the bung, twice the square of the radius at the end, and the product of
the bung radius by tho end radius. Multiply this sum by = times one-
sixth the height of the cask.

EXERCISE XXX,

1. Find the lateral surface of the frustum of a cone whose top and
bottom diameters are 15 ft. 4 in. and 26 ft. 8 in., and whose perpendicular
height is 23 ft. 9 in.

2. Find the volume of the frustum of a cone the circumferences of
whose bases are 66 ft. and 56 ft., and whose height is 4 ft.

8. Find the weight of water in tons in a tank in the form of a
frustum of a cone, the radii of the ends being 10 ft. and 8 ft. respectively,
and the perpendicular height being 5 ft.

4. Find the number of cubic feet in the trunk of a tree in the form of
a conical frustum whose length is 70 ft., and the diameters of whose ends
are 10 ft. and 7 ft.

5. Find the total area of the surface of the frustum of a cone, the
diameters of the ends being 2} ft.and 1} ft., and the perpendicular height 5 ft.

8. The diameters of the top and bottom of the frustum of a cone are
18 in. and 27 in. respectively, and the perpendicular height is 30in. : find
its volume.

%7. If from a right cone, whose slant height is 30 ft. and whose circum-
ference at the base is 10 ft., there be cut off by a plane parallel to the
base a cone of 12 ft. in slant height, what is the volume of the frustum ?

8. Find the lateral surface of the frustum of a cone the perpendicular
height of which is 7 ft., and the radii of the two ends 4 ft. and 5 ft.
respectively.

9. Find the volume of a conic frustum the circumferen ces of whose ends
are 66 ft. and 56 ft. respectively, and whose perpendicular height is 6ft.

10. Find the solid contents of 2 frustum of a cone whose perpendicular
beight is 7 ft., and the radii of the two ends 4 ft. and 5 ft. respectively.

11. What number of gallons will a cask hold which is 3 ft. high, and
whose circumference at the bung is 8 ft. and at the ends 6 ft.?

12. Find the weight of water which a water-cask 6 ft. bigh, and having
its circumference at the centre 12 ft. and at the ends 8 ft., would hold.

18. What is the lateral surface of a frustum of a cone whose circum-
ference of the mean section is 10 in. and slant height 84 in. ?

14. The circumferences of the endsof a frustum of a cone are 2 ft. 6 in.
and 6 ft. respectively, and the slant height of the frustum is 4 ft.: find
the total surface of the frustum.
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15. Find the volume of a cask which is 4 ft. high, and 8 ft. in circum-
ference at the bung and 6 ft. in circumference at the end.

16. If from a cone, whose slant height is 15 ft. and _circumference at
the base 8 ft, there be cut off by a plane parallel to the base acone of 5 ft.
in slant height, find the volume of the frustum.

17. How many gallons of water will a cask hold which is 6 ft. high,
and whose circumference at each end is 8 ft. and in the middle 10 ft. ?

XXXVIL.—ON THE WEDGE AND PRISMOID.

(2) To find the volume of a wedge.

Let ABCDEF be a wedge having a rectangular base FDCG.
The wedge can be divided into two parts by a plane through A,

D

parallel to the end BDC, thus forming the pyramid AFEH and the half-
prism AEDCB.

Let AB = theedge =e.
» FD = length of base = b.
» DC = breadth of base = d.
» Ao = height of wedge = A.

Then volume of AFEH = d(b —¢) x -’f (Sect. XXXII. (b).)

3
”» » AEDCB = i_;!f (Sect. XXVIIL (6).)
% Volume of wedge = % + ‘;—h(b —e)

3deh + 2dh(b — €)}
3deh + 2dbh — 2deh)

= }(deh + 2dbh) = %h(e + 2b)
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If the edge of the wedge AB be greater than the base FD, then by
completing the half-prism EDBAH it is evident that the volume of the
wedge FDBA is equal to the difference between the volumes of the half-
prism EDBAH and the pyramid AHEF.

As before, let AB = the edge = e.
w s FD =length of base = 5.
» »  DC = breadth of base = d.
» »  AO = height of wedge = A.

Then volume of pyramid AHEF = d(e — b) x g

”» " prism EDBAH = ?

«. Volume of wedge = d_g]_z - M

3
= h(3deh — 2deh + 2dbh) -
= —6-( e+ 2b)
RuLE.—To the length of the edge add twice the length of the base;

multiply the sum by one sixth of the product of the breadth of the base and
the height of the wedge.

(6) To find the volume of a prismoid.

A prismoid is a frustum of a wedge made by a plane passing
through the wedge parallel to the base.
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Let ABCDE be a wedge, of which ABCN is the base. Let a plane
F(}HI{;» passed parallel to the base; then the solid ABHK is a
prismoid.

This prismoid can be cut into two wedges by a plane passing through
the edges FG and NC, making— &

u.) A wedge whose base is ANCB, and edge FG.

ii.) A wegge whose base is FGHK, and edge NC.

he volume of the prismoid will evidently be the sum of the volumes
of these two wedges.

Let AB = length of base = &.

.» BC = breadth of base = d.

» FG = length of top = m.

»» FK = breadth of top = n.

» 0O = height of prismoid = A.

Then volume of wedge ABCGF = %h (m + 2b) = -}é (dm + db + db)
= 16. {(m + b)d + db)}
And volume of wedge HKFNC = %h @& +2m) = % (nb + mn + mn)
= %{(m + bn + mn}
.. Volume of prismoid = %‘{(’m +b)d + (m + b)n +db + mn}
= %{(m +8)(d +n) +db+ mn} (i)

But mtb_ length of mean section of prismoid.

2
d 2+ " _ preadth of mean section of prismoid.

‘ d
.~ Area of mean section of prismoid = (ﬂj-—b ) ( ; n)
.". 4 times area of mean section = 4A = (m + b) (d + n)

Substitute this value of (m + b) (d + n) in (i.).
h
Then. volume of prismoid = s (4A + db + mn)

RuLE.—To the sum of the areas of the base and top add four times the
area of the mean section parallel to these ends, and multiply the sum by
one-sixth of the height of the prismoid.

Nore.—Iiaystacks, stone-heaps, railway embankments frequently take
this form, and their contents consequently are found by this rule.
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EXERCISE XXXI.

1. Find the volume of a wedge the edge of which is 3} in., the
length and breadth of the base 5 in. and 2 in. respectively, and the height
10 in.

2. The length and breadth of the hase of a wedge are 10 in. and 5 in.,
the height is 1 ft., and the edge 1 ft.: find the volume.

8. Find the volume of a wedge the edge of which is 5 in., the
legh and breadth of the base 8 in. by 3 in., and the height of the
wedge 8 in.

4. The area of the base of a wedge is 40 sq. in., the height of the
wedge is 6 in., its breadth 4 in., and the length of the edge 8 in.:
find the volume of the wedge.

8. Find the total surface of a wedge which has a rectangular base,
whose edge is 6 in., slant height 4 in,, and length and breadth of base
8 in. by 3 in.

6. Find the side of a cube equal in area to a wedge whose edge is
10 in., length and breadth of base 12 in. and 5 in. respectively, and
perpendicular height 6 in.

7. Fiod the volume of a wedge whose height is 8 in., length and
breadth of base 3 in. and 2 in. respectively, and whose edge is 5 in.

8. Find the volume of a vessel in the form of a prismoid, the top
being 12 in. by 6 in., the hottom 8 in. by 4 in., and whose depth
is 8 in.

- 9. How many cubic yards are there in a haystack in the form of a
ggsmoid, the dimensions at the base being 40 ft. by 25 ft., at the top
ft. by 20 ft., and the height of the stack 40 ft.?

10. A heap of stones in the form of a prismoid measures at the base
15 ft. by 12 ft., and at the top 12 ft. by 10 ft.; its height is 3 ft.: find
the number of cubic yards in the heap.

11. A railway embaokment is 825 ft. long, and has a uniform width
at tho top of 32 ft.; at one end it is 19 ft. high, and gradually decreases
to the other end to 8 ft. high; the widths at the base at these ends are
108 ft. and 64 ft. respectively: find the number of cubic yards in the
embaokment.

12. A railway embankment is half a mile long, and has a uniform
width of 30 ft. at the top; at one end it is 25 ft. high, and gradually
decreases to the other end to 12 ft. high; the widths at the base at the
ends are 120 ft. and 80 ft. respectively : find the cost of making the
embankment at 8d. a cubic yard.

18. What would be the volume of the largest possible wedge cut from
a cube whose side is 10. in. ?
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XXXVII.—ON SIMILAR RECTILINEAL SOLIDS.

Similar solids are such as are of the rame form, and whose
corresponding dimensions are proportional.

(a) Rectangular solids are to one another as the product of
their dimensions.
Let ABCDEF and abedef be two rectangular solids.
E D

A B

Then volume ABCDEF : volume abedef : : ABXx BCx CD : ab x be x cd.
< (1) If the bases of two rectangular solids are equal, their volumes
are as their heights.
(ii.) If the heights of two rectangular solids are equal, their volumes
are as their buses.

Example.—If two cubes have their contents the one double of the other,
and the edge of the larger cube is 1 ft.: find the edge of the smaller.
Volume of larger cube ; volume of smaller cube @ 123 ; 23
2:1::128: 2

S22 =128

12 1728
. a3 =22 - T = 864
-® 2 2 8

Se=386E =38 x 2T x4 =634 =905in. Aus.

(b) The volumes of similar solids are to one another as the
cubes of corresponding sides.
Let ABCD and abed be two similar solids.
Then their sides are proportional.
S AB:ab::BC:be:: DO :do
Let AB = abx. Then BC = bex ; and DO = doa.
Then volume of ABCD = AB X BC x DO _ abx x bex x dow

3 - 3
ab X be % dos

3

=ac3(
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And volume of abed = M

3
.. Volumeof ABCD : volume abed :: 2% ¢ 1
A
B““’:—&F Soxdili ABR: ab?
»» Volume of ABCD : volume abed :: AB? : ab?

(c) Pyramids and cones on equal bases and having equal
heights are equal.

Let the pyramid ABCF and the cone GKH have equal bases and be
of the same height. .

K

Let area of bases = A, and height = A.
Area of pyramid = JAh
Area of cone = 3Ah
. Volume of pyramid = volume of the cone having an equal base and
of the same height.
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(d) Volumes of cylinders are as the products of the squares
of their radii and their heights,

Let V, », and & = volume, radius, and height of first cylinder.
And V,, r,, and h; = volume, radius, and height of second cylinder.
Then V = #r%h and V, = =»r %,
S ViV i amrtho i wr 2Ry sl vk 2R
. Volumes of cylinders are as the products of the squares of their radii
and their heights.

(¢) Volumes of similar cylinders are as the cubes of their
radii, or as the cubes of their heights.

Let V, 7, and A = volume, radius, and height of first cylinder.
And V,, »,, and k; = volume, radius, and height of second cylinder.
Lecause the cylinders are similar,
Sorerithihy
But V= m2 and V, = #r2h,
S VIV ity
S VeViiirSirs because r iy it hi by
And VoV, ::78: A5 because r: 7, s h iy
.*. Volumes of similar cylinders are as the cubes of their radii or as the
cubes of their heights.
Example.—1If it costs 15s. to gild a solid whose weight is 14 1bs., what will
it cost to gild a similar solid of the same material whose weight is 24 lbs, ?
Sulids being similar, therefore the volumes are as their weights.
S ViV i 14 2t0r7:12
Altitudes of similar solids are as the cube roots of their volumes (Sect.
XXXVL (b)).
~SHH VT T
Surfaces of similar solids are as squares of their altitudes or of like sides.
Hence 8: 8, :: (¥7)* : (Y12)?
But cost of gilding is as the surfaces
. Cost of 8 : cost of 8, 21 (VD)2 : R/12)
That is 15s. : cost of §, R (2{3_)’_
- C =B x WD 15X NI _ 91, 61, Ans.
.. Cost of S, Gy 0 4

EXERCISE XXXIL

1. The edge of a cube is 1 ft.: find the number of feet in the edge of
another cube of double the volume.

2. The height of a pyramid is 12 ft.; it is required to cut off a frustum
which shall be one-fourth of the pyramid : find the height of the frustum.
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8. The height of a right circular cylinder is 4 ft.: find the height of a
similar cylinder nine times the volume.

4. The breadth of a rectangular prism is 15: what is the breadth of a
similar prism twice as large ?

5. If one edge of a prism is 5 in., and its volume is 52 cub. in., what is
the edge of another similar prism whose volume is 27 cub. in. ?

6. If a pyramid 14 ft. hizh were divided into two equal parts by a
plane parallel to the base, what would be the height of the upper portion ?

7. A pyramid is cut into two pieces by a plane parallel to the base,
midway between the vertex and the base: cumpare the sizes of the two
pieces.

8, The altitude of a cylinder is 20 in., and its diameter is 10 in.: what
is the altitude of another cylinder whose solidity is twice as much, and
whose diameter is 30 in. ?

9. The base of a pyramid is 7} in. square: required the base of a
similar pyramid whose volume is to that of the former as 111 : 11.

10. Compare the volumes of two similar prisms, the perimeters of
whose bases are as 100 : 125.

11, There are two similar pyramids whose volumes are 162 cub. in.
and 384 cub. in. respectively : if the altitude of the smaller is 4% in,,
what is the altitude of the greater ?

12. Compare the heights of two rcctangular solids whose bases are
equal, and whose volumes are 10 cub. ft. and 15 cub. ft. respectively.

18, If two cubes have the contents of the one three times that of the
other, and the edge of the smaller is 10 in., find the length of the edge of
the larger.

14. If a solid weighing 14 lbs. cost Ts. T3d. to gild, what will a similar
solid weighing 113 lbs. cost ?

15. What is the ratio of the volumes of two cylinders whose lateral
surfaces are equal, and heights 10 ft. and 8 ft. respectively ?

16, What is the ratio of the lateral surfaces of two cylinders whose
volumes are equal, and radii 3 ft. and 4 ft. respectively ?

17. The breadth of a rectangular solid is 12 ft.: what must be the
breadth of a similar solid whose volume is three times as great ?

18, The area of the base of a prismoid is 46 sq. ft., and its volume
87'9 cub. ft.: find the solidity of a similar prismoid whose base is
32 8q. ft.?

19. Compare the volumes of two similar cones whose circumferences
are respectively 15 ft. and 12 ft.

20. Compare the height of a cylinder whose radius is 5 ft. with that
of an hexagonal prism whose side is 2 ft., the volumes of both being the
same. ‘

21. A cone is cut into two pieces by a plane parallel to the base mid-
#may between the vertex and the base: compare the volumes of the two picces.
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XXXVIII.—ON THE SPHERE.

DEFINITIONS.

A spherc is a solid bounded by a surface every point of
which is equally distant from a point within it called the

centre.

A zome of a sphere is the portion
of a sphere intercepted between
two paralle] planes. Thus the solid
ABCD is a spherical zone.

A segment of a sphere is the
portion of a sphere cut off by a
plane passing through it. Thus
the plane AFDK cuts the sphere
into two spherical segments AFDG,
AKDE.

A sector of a sphere counsists of
a spherical segment together with
the cone on the plane as base, and

. NS
o= \__ e S eed

whose apex is at the centre of the sphere. Thus AODG is a
spherical sector, consisting of the spherical gegment AFDG and

the cone AKDO.

() To find the surface of a sphere, radius given.
Suppose ABCD to be a small zone of the sphere.

It may be regarded as the frustum of
a cone whose slant height is AB, if the
arc AB be taken very small.

From Section XXXV.(d), the lateral
surface of the frustum of a cone = cir-
cumference of its middle section x slant
Yeight.

.. Lateral surface of ABCD
= circumference at ' x AB

But TR = radius of the section of the
sphere at T.

. Lateral surface of ABCD
= 2«TR x AB

Draw An parallel to zy.

Then BAn and TOR are siwilar triangles having AnB = TRO = each

a right angle.
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And ATO =a nght angle = ATR + RTO = ROT + RTO.
ATR = ROT,and ATR = ABn
A ROT ABn, and BAn = RTO
Hence BAn and TOR are similar triangles.
~STR:TO::An: AB
But An = xy = A = the height of the frustum of the cone.
& TR:TO:: h: AB
Ifthearc AB is taken mdeﬁn'i‘t&ly small TO = 1 = radius of the sphere.
5 G
.~ TR x AB = rh
But lateral surface of ABCD = 2«TR x AB
Substitute A = TR x AB
.%. Lateral surface of ABCD = 2xrh
If the number of arcs be increased so as to occupy the entire semicircle,
then A = 2r.
-, Sum of all these zones = surface of the sphere = 2xr X 2r = 4wr2

RULE.—Multiply four times the square of the radius by =.

(b) To find the surface of a sphere, circumference and diameter
given.
Sarface of a sphere = 2xr x 2r

But2xr =c,and 2r = d
*, Surface of a sphere = ¢ x d

RuLe.—Multiply the ciroumference by the diameter,

{¢) To find the surface of a zone of a sphere, circumference of
sphere and height of zone being given.
Area of zone = 2x1h

But 2xr = ¢
.. Area of zone = ¢ x h

RULE. -Inltiply the circumferenoe of the cirole by the height of the zone.

() Tofind the surface of a spherical
segment, the chord of half the
arc of the spherical segment

being given.
Let AD = chord of half the arc of the
'lphencal segment ADB.
hen surface of spherical segment = 2xrAd

But 2r = AC
*. Surface of spherical segment = »(AC
x A

But AC x Ad AD* (Eue. IL)
. Surface of spherical segment = xAD?
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RuLe.—Multiply the square of half the chord of the arc of the zone by .

Note.—The chord of half the arc is the radius of the arc which
gencrates the segment of the zone.

(¢) Areas of zones of spheres and of segments of spheres
are as their heights.
Area of segment ABD = 2xr x Ad

. » » BCD = 2xr x Cd
.. Area of segment ABD : area of segment BCD :: Ad : Cd

(f) To find the surface of a sphere 5 -~~~ T
from that of the circum-
scribing cylinder.

Lateral surface of circumscribing
cylinder = 2xr x 2r = 4xr?
Area of two ends = 2x12
»~ Total area of circumscribing
cylinder = 6wxr2
But area of the sphere = 42

.. Area of sphere : total area of cir-

cumscribing cylinder :: 4wr2 : 6xr2

.. Area of sphere = §area of circum- gL

scribing cylinder
RuLE.—Take two-thirds of the total ares of the ciroumscribing cylinder.

(o

(9) To find the volume of a sphere, radius given.
The sphere may be considered to be composed of a number of small
cones, having the diameter of their bases = AB,

and height = r = radius of the sphere. A
Now volume of cone ABO = area of the B \

base x ; (Sect. XXXIIL)

If the number of cones be indefinitely increased,
the area of the bases of all the cones will ultimately
be the area of the surface of the sphere.

» Volume of sphere = area of surface of

r
sphere x 3
But area of surface of sphere = 4xr? :
dar?
3
RuLE.—Multiply the cube of the radius by four-thirds of .
Note.—Four-thirds of = = 4°1888.

.. Volume of sphere = 42 x g =
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(%) To find the volume of a sphere from that of the
circumscribing cylinder.
Volume of cylinder = 2xr% (Sect. XXIX.)

Volume of sphere = %

2" Volume of sphere : volume of circumscribing cylinder : 4—%-7’3 1

.. Volume of sphere = § volume of circumscribing cylinder
RuLE.—Take two-thirds of the volume of the circumscribing cylinder.

(?) Volumes of spheres are as the cubes of their radii.
Let there be two spheres whose radii are R and r.

3
Then volume of first sphere = é:;_R_
And »  second sphere = 4—:’:—‘;—
3
.. Volume of first : volume of second :: %Ii : %—’8 t:R8: 43

(k) To find the volume of a spherical shell.

Let D and d = the outer and inner diameters.
D d
ThenRandr-»é and-z—
Volume of the shell will equal the difference of the volumes of the
spheres whose diameters are D and d.

R L
.. Volume of shell = ‘5.2—3 ——372—3'_ 3x8-—éx—8-

«D8 xd® =
=% "6 "g®@-D
But D% — d® = (D — d) (D* + Dd + d?)

D;d)(D2+Dd+d’)

That is, the volume of a shell equals the volume of a frustum of a cone

.. Volume of shell = g (
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whose ends are D and d respectively in radius, and whose height is the
‘thickness of the shell (see Sect. XXXV.).

RULE.—To the sum of the squares of the outer and inner diameters add
the product of the two diameters, then multiply this result by one-half the
difference of the two diameters multiplied by one-third of =.

NoTe.—One-third of » = 1:0472.

() To find the volume of a sphere, the diameter given.

_ 4t 8t x(2)
Volume of sphere = 3" % "8 "~ @
RULE.—Multiply the cube of the diameter by one-sixth of =.

NoTe.—One-sixth of » = *5236.
(See Easy Exercises XV.)

EXERCISE XXXIII.

1. Find the surface of a sphere whose radius is 3} ft.

2. What is the radius of a sphere whose surface is 120 sq. ft.?

8. Find the volume of a sphere whose radius is 2 ft. 6 in.

4. Find the radius of a sphere whose volume is 3 cub. ft.

5. Find the volume of a sphere whose surface is 100 sq. in.

6. How many cubic inches of iron will be required to form a garden
roller which is i in. thick with an outer circumference of 5% ft. and a
length of 33} ft.?

7. Find the surface of a sphere 25 in. in diameter.

8. Find the radius of a sphere which contains exactly one cubic yard.

9. What is the weight of a hollow sphere of metal whose inside
diameter is 18 in., aud thickness 2 in., given » = 3}, and that a cubic
foot of metal weighs 7776 ozs, ?

10. How much space will be left vacant after filling a box whose
ocapacity is 1 cub. ft. with marbles each one inch in diameter ?

11. A solid metal sphere 6 in. in diameter is formed intoa tube 10 in,
in external diameter and 4 in. in length : find the thickness of the tube.

12, How much of the earth’s surface would a man see if he were
raised to the height of the radius above it ?

18, If the ball at the top of St. Paul’s is 6 ft. in diameter, what will
the gilding of it cost at 33d. per square inch?

14. If the diameter of the earth be 8000 miles, and geologists know
the interior to the depth of 5 miles below the surface, what fraction of
the whole contents would be known ?

15, A cubic foot of copper is drawn iuto a wire one-fourth of an inch
in diameter: find its length.
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18. A spherical shell whose circumference is 2 ft. weighs 3§ of a
solid si)here of the same size and material: find the diameter of the
internal cavity.

17. At a distance of 50 miles from a tower its top just appeared
above the horizon: find its height, baving given the earth’s diameter,
7964 miles.

18, The weights of two globes are as 16 : 25, the weights of the
substances composing the globes are as 15 : 9: compare the diameter of
the globes.

19. If a shot 83 lbs. weight has a diameter of 396 in., find the
weight of a shot whose diameter is 4-4 in.

20. The whole surface of a globe is 78'54 sq. ft.: find its circum-
ference.

21. A sphere and a cube have the same surface: compare their
volumes.

22, A cone of silver, whose base is 18 in. in diameter and whose
height is in., is melted and made into a spherical ball: find the
diameter of the ball.

23. A sphere and a cube have the same volume: compare their
surfaces.

24, The volume of a sphere is 11754 cub. in.: find its surface.

25. A cylinder 1 ft. 6 in. deep, and 2 ft. 6 in, in diameter, is filled with
water: find the diameter of a hemispherical basin which will hold 120
times as much water.

28. The surface of a sphere is three times as great as that of another
sphere : compare their volumes.

27. A hollow sphere holds a litre: find the internal radius of the
hollow sphere. A litre = a cubic decimetre, and a decimetre = ¢ of a
metre (39°37 in.).

28, If the volumes of the earth, moon, and sun are proportional to
the numbers 1, 1§31, and 1404928, express the surfaces of the moon and
sun if that of the earth be taken as unity.

XXXIX.—ON SPHERICAL SECTORS, SEGMENTS,
AND ZONES.

() To find the surface of a spherical sector, segment, or zone.

From the chapter on the sphere the surfaces of sectors, segments, and
zones can be obtained from the following :—
Surface = 2mr x A = 2xrh  (Sect. XXXVIII.)

RuLE.—Multiply the product of the radius of the sphere and the height
of the sector, segment, or zone by twice .
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(b) To find the volume of a spherical sector.

Let ABCD te a spherical sector.
» RA = h = height of the arc.
» CA = r = radius of the sphere.
From reasoning similar to that in Sect. XXXVIIL (g) for finding
the volume of a sphere, it can be shown that the volume of a sector = arca

of spherical surface x %
But area of spherical surface = 2 x A

3
2%%h
= 1.

3
But 2xr = ¢

.. Volume of sector = 2=rh x C

.. Volume of sector = % (i.)

RurLE I.—Multiply the product of the
square of the radius and the height of the
arc of the sector by two-thirds of =.

Rurk II,—Multiply the product of the circumference and radius of the
sphere by one-third of the height of the arc of the sector.

Fig. 1.

(c) To find the volume of a spherical segment.

Let ABED (Fig. 1) be a spherical segment.

It is evident that the solidity of the segment ABED will be equal to
the solidity of the sector ABCD less the solidity of the cone BCD.

Let diameter of sphere = D = 2r.

Let -height of segment = AR = h.

Then solidity of sector ABCD = 2xrh x ’:,; 5
C

: BR? x CR
And solidity of cone BCD = ’% (Sect. XXXIIL)

Now BR = radius of the base of the cone.
And CR = height of the cone.
But CR =r=h
And BR = V2= (7 =R
=Nt = (2 =2rh +12) = ok = B3

~, Solidity of ¢ n- = g @k =19 (r — B)

2nr3h
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L.

. Solidity of segment = 2orh _x (2rh — k3 (r — )

3 3
- 2—'5';" — 2(@2r%h — 3ri3 + 1)
2xr3h  2xr%h xh3
B A LI R YLt
3 ”
= xrh? — fé_ = rh’( r - g) (i)
_D
But r = 3
.. Solidity of segment = 7A? ( 1§) - g) = xh? (3D ; 2")

xh?
=g (8D —2h) (i)

Let BR = b = radius of the base of the segment.
Because BR? = 2rh — A3
_BRILm_p4m
T2 T 2h

But solidity of segment = #h? (r - Z) (See (i.) above.)

.. Solidity of segment = #/? ( L -24-hh2 - g)

- (s

= ’-'é‘- (38 + A% (iii.)

RurLe I.—From the radius of the sphere subtract onme-third of the
height of the segment, and multiply this result by the square of the height

of the segment multiplied by =.

RuLe II.—From three times the diameter of the sphere take twice the
height of the segment, and multiply this result by the square of the height

multiplied by one-sixth of =.

Rure 1I1.—To three times the square of the radius of the base of the
segment add the square of the height of the segment, and multiply the

result by the height of the segment multiplied by one-sixth of .

(@) To find the volume of a spherical zone.

Let the sphere be cut by two parallel planes AB and CD.
It is required to find the volume of the spherical zone ABCD.
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It is evident that the volume of the spherical zone ABCD equals the
difference between the volumes of the spherical segments ABO and DCO.

Let r; = AQ = radius of the base of
the segment ABO,

Let 4, = 0Q = height of the segment
ABO.
Let r, = DP = radius of the base of

the segment DCO. A
Let h, = OP = height of the segment
DCO.
Volume of segment ABO = V,
=T @+ b
Volume of segment DCO = V,
= art + bt s

« Volume of zone ABCD = V=V, -V,
hyog o ns g e pa
=7,‘T(37'1 + 42 - F(s"s + h?)
o V= ’(—;{h, (B3r3 + hy%) — hy (32 + ht)}
= %(”:3’1’ + 7y = A3 — A%

= g(hlz}r,’ = hg3ry® = hyBrd + hy3r + hyS = b8 4 hy8r? — h,3r%)
by adding and subtracting A;3r,2 — A,3r?
= & (= h) 3yt = (hy =h))Bry+ by = hd + Bri¥hy — 3rdhy} ()
Let R = radius of the sphere.
Then PS = 2R — 4,
And QS = 2R — &,
Now OP.PS = DP? = 12

. r2 + h2
o hg(gR -— b’) = 1',’ R 2R},2 - hzl = rzs 2R = ) 3 )
Again 0Q- QS = AQ? = r;? ’
3
AhMER=B)=rd L 2Rh—hi=pt  oR=TCERS
1

s S e
Tk hy
o rthy = )8Ry = hothy — hy%h,
s 8ry%hy — 313k, = 3h%h, ~ 8h,%h,
Substitute this value of 3,3k, — 37,2k, in eq. (i.)

oo g + Bk = rdhy + hyth
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Then V = 2 ((h, = h)8r® = (b = B)Bry® + bd = b + Bhythy — 8hhy}
L 4

{(hy = k)31 = (hy — hy)31g + (b — hy)*}

{(hy = B)3r2 + (B, — ho)3rs? + (hy — hp)®}

o oy ol

]

(hy = hp){3r? + 3rg? + (b — hy)?}
But Ay =, = hh='height of zone
V= % {(3(r2 + ) + 12}

RuLe.—Multiply the sum of the squares of the radii of the two ends by
three, then add the square of the height of the zone, and multiply the result
by the height of the zone multiplied by one-sixth of x.

xh
{&) From the formula ~{3(ri" + ") + A*}—that is, the volume of a zone
—to obtain the volume of a segment of a sphere and of a sphere,

If r, = 0, the zone becomes a segment, and volume of segment
= %(3,-,9 + A%), where k = height of the segment.

1f r, =0, and 7, = O, the zone becomes a sphere, and volume of sphere
xh xh3 .
=35 X 2= 5’ where 4 = diameter of the sphere.

These are the same results as were obtained for the volumes of the
sphere and segment respectively in Sects. XXXVII. and XXX VIII.

EXERCISE XXXTV.

1. Find the surface of the segment of a sphere which is 6 in. in
diameter, and the height of the segment 2 in.

2. Find the convex surface of a slice 2 ft. high, cut off from a globe
17 ft. in radius.

8. What is the height of the segment of a sphere whose convex surface
is 100 sq. in., the radius of the sphere being 3 ft.?

4. If the pressure of the atmosphere at the earth’s surface be 15 1bs, to
the square inch, how much weight of atmosphere does the earth support ?
Take the radius of the earth as r inches.

5. Find the surface of the segment of a sphere 2 ft. high, cut off f;

a globe of 12 ft. radius, P & ¥ from
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8. Find the volume of a segment of a sphere 10 ft. high, the radius of
the sphere being 20 ft.

7. The height of a spherical segment is 6 ft., and the circumference of
its base 20 ft.: find its volume.

8. In a sphere whose radius is 3 ft., find the height of a segment which
has one-thirg of the surface of the sphere.

9. From what height above the surface of the earth will one-fifth of
the surface be seen ? Diameter of the earth = 8000 miles.

10. The height of a zone of a sphere is 2} ft., and the diameter of the
sphere is 6} ft.: find the area of the curved surface.

11. Find the area of the surface of a zone of a sphere whose circum-
ference is 32 ft., and the distances of the ends of the zone from the centre
3 ft. aud 2 ft, on opposite sides of the centre.

12, Find at what distance from tHe surface of a sphere an eye must
be placed to see one-sixteenth of the surface. Diameter of the earth =
8000 miles,

18. At what distance is the top of the peak of Teneriffe, which is
11,000 ft. high, visible just above the horizon, the earth’s diameter being
7964 miles?

14, From a sphere whose radius is 3 ft. a segment is cut off whose
convex surface is 30 sq. ft.: find the surface of its base.

18. Find the radius of the base of a cone which has the same volume
as a sphere whose radius is 5 ft., and the height of the cone one-half the
radius of the sphere.

16. Find the radius of a sphere which has the samc volume as a cone
whose height is 10 ft., and radius of base 2 ft.

17, A sphere is 90 ft. in diameter: at what distance from the surface
will #y of its entire surface be seen ?

18, Find how much of the surface of a sphere will be seen by a
person placed % of the radius of the sphere from the surface.

19. Fiud the volume of a spherical zone, the radii of the two ends
being 3 ft. and 2 ft. respectively, and the height of the zone 1} ft.

20, Find the volume of a spherical segment of a sphere whose radius
is 4 ft., the height of the segment being 24 ft.

21. Find the volume of a spherical segment, the radius of whose base
is 2 ft., and height 14 ft.

XL.—EXAMPLES OF THE SOLUTION OF A FEW
PROBLEMS.

1. What part of the whole surface of a sphere will be seen from a
height of 5 miles?

Let AB = 6 miles.

Let AT := tangent from A,
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1t is reql!;ired to find the surface of the segment TBC.

To find

Let BD = 4. ., =r—nh

D, the hei%;t of the segment.

Now ATO and TDO are similar triangles.
~TO:0D;;0A:0T

Serir—

hiir+5:r
S ==-Rk)(r+5)
S =912k + 5r =5k

5r
h 4 5k = Soh=
rh + br h -

But surface of sphere : surface of

5r

segment 12 2r:hii2r: ——

r+5

.* Surface of segment

.
.

br

= 2,_("—_'_—5) of surface of sphere
5

= 2—("—"'_57 of surface of sphere

5
o(r + 5y P2t Ane

2. The diameters of the ends of a frustum of a cone are 4 ft. and 6 ft.,
and the height of the frustum is 3 ft. It is required to divide the
frustum into two equal parts by a plane parallel to the base.

e
<
~
~
T - Y
—‘-

Let ABCD be the frustum,

Let EGF be the plane parallel to
the base dividing it into two equal
portions,

Let MK = height of frustum.

It is required to find LM, the dis-
tance of the dividing plane from AB
the base.

Complete the cone OAB, of which
ABDC is the frustum.

Then OK : KC:: OM: AM
OK:2::0K+3:3
.. 30K =20K + 6
SHOK=6,andOM =9

Now, frustum ABEF = cone OAB
— cone OEF

And frustum EFDC = cone OEF
— cone OCD

But frustum ABEF = frustum EFDC
.". Cone OAB ~ cone OEF = cone OEF —~ cone OCD
.. 2 cone OEF = cone OAB + cone OCD
.". Cone OEF = #(cone OAB + cone OCD)
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But these cones are similar solids
Thei are a8 the cubes of like dimensions.
Height of OEF = OL, height of OAB = 9, height of OCD = 6
.". Cone OEF : }(cone OAB + cone OCD) :: OL3 : §(9° + 6°%)
But cone OEF = 4(cone OAB + cone OCD)
»~ OLS = (98 + 68) = 4725
». OL = 7°8 nearly
.. The plane EGF must be cut 9 — 7°8 = 1-2 ft. from the base AB. Ans,
3. There are three similar rectangular solids which are respectively
4 ft., 5 ft., and 6 ft. in length. The volume of the largest is 30 cub. it.
greater than one-third of the capacity of the other two. Find the
volume of each of the solids.
The volumes are as the cubes of the lengths.
Let 8,, S,, S; = the largest, mean, and least solids in volume.
Then S, :8;:8;::68:5%:4%::216:125: 64
Now 8, : s,_;-_s,:: 216 : lﬁ—;ﬁf £1216:63::2417
That is, the largest is 37 of itself larger than oune-third of the sum of
the volumes of the other two solids.
But 3] of itself = 30 cub. ft.
That is, 3}8, = 30 cub. fi.
5= = 2 _ s
But 8, :8;::216: 125
a8 x125 4244 x 125 _
T T TR
And §,:8;::216: 64
cq L Sy x64 428 x 64
8= = Tag - H

42+ cub. ft., 243§ cub. ft., and 123§ cub. fi. Ans.

7

XLI.—ARTIFICERS' MEASUREMENTS.

Various methods are used by workmen in measuring their
work. The standard for length is the foot or yard; the
standard for area, the square foot or square yard; and for
solidity, the cubio foot or cubic yard.

L Flooring, roofing, tiling, and plastering are usually
estimated for by the number of squares of 10 ft., or 100 sq. ft,
contained in thé area to be covered.

The area of the roof can be found from the buse measure-
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ments if the pitch of the roof is known. The pitch is the ratio of
the perpendicular height of the roof to the breadth of the span.

There are three pitches in most common use.

(a) The common pitch, where the length of the rafters meet-
ing at the apex each equal three-quarters of the breadth of the
building.

Therefore area of roof = twice (§ breadth x length)
= 14 times arca of base of building

(b) The Gothic pitch, where the length of the rafters each
equal the breadth of the building. .

Therefore area of roof = twice (breadth x length)
‘ = twice area of the base of building

(¢) The pediment pitch, where the ratio of the perpendicular
height of the roof is to the breadth of the span as 2 : 9.

Hence length of rafters = /22 - ()2 = 2:84 = 492
.. Length of rafters : breadth of building : : 492 : 9 = $3§% = {3 nearly
= 4} nearly
.. Area of roof = twice (3} of breadth x length)
= 1} of area of base of building

I1, The standard measure for brickwork is a wall of brick-
work which has a surface of a square rod, or 272} sq. ft., and is
one brick and a half thick.

To find the number of standard rods of brickwork in a wall,
it will be necessary first to divide the area of the wall in square
feet by 272} ; this will be the number of rods if the wall is one
and a half bricks thick: but if the wall be of another thickness,
multiply this number of rods by the number of half-bricks in
the thickness, and divide by three.

Example.—Find the number of standard rods of brickwork in a wall
250 ft. long, 10 ft. high, and 2} bricks thick.

250 x 10 . .
22 number of rods 1} brick thick
250 x10 5 . .
719) X 3= number of rods 2} bricks thick
250 x 10 x 4 x 5 50000
1089x3 3267 ~ 18 Ans.

A common hrick, with the mortar used for hjing it, is taken
as 9 in. long, 4} broad, and 3 in. deep.
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The number of bricks required to make a standard rod of
brickwork is obtained by dividing the selid contents of a rod of
brickwork by the volume of one brick.

Thus 2723 x 13 + (3 x § x }) = 2982 x & x 138
= 1089 x 4 = 4356 bricks

A {lercentage must be allowed for waste, therefore it is
generally taken that a standard rod of brick work requires 4500
bricks, when waste is allowed for.

III. Logs of timber are usually measured by the rules given
in the previous sections for the various solids which the logs
of timber resemble in shape. In practice, though, simpler rules
are substituted, which in a few cases, although not exact, are
easily applied.

The volume of four-sided or squared timber is usually found
by multiplying the mean thickness by the mean breadth, and
that by the length.

The mean thickness or breadth is found by taking several
measurements at equidistant points and dividing the sum of
these measurements by the number of measurements.

Example.—The length of a piece of timber is 24 ft., and breadth 4} ft.,
whilst the thicknesses at various equidistant points are 1 ft., 1 ft. 3 in., 1 ft,
9 in, aud 2 ft. : find the volume.

Here the mean thickness = = 1j ft.

. Volume = 24 x 4} X 1} =24 X § X § = 162cub. ft. Ans.

The volume of round or unsquared timber is found by
multill:lying the square of the mean quarter girth by the

lengt,

Example.—The length of a piece of timber just felled is 54 ft. The equi-
distant girths are 3} ft., 4} ft., 5 ft., 5§ ft., and 6} ft.: tind the volume.

S+ 4 +5+5+6)
5

1+1+13+2
4

Here the mean girth = =5 ft.

.". Mean quarter girth = § ft.
. Volume = (§)? x 64 = $§ x 54 = 4]8 = 843 cub. ft. Ans.

IV. Painters usually estimate their work by the square yard,
and glaziers by the square foot.

Plumbers’ work is charged by the cwt. or 1b. for sheet lead.
Lead piping is charged by the foot run, and varies according to
diameter and thickness.
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EXERCISE XXXV,

1. Required the cost of lining a water-cistern 3 ft. long, 2 ft. deep,
and 2 ft. 6 in. broad, with sheet lead of 10 lbs, per square foot at 40s.
a cwt.

2, Find the cost of painting a door on both sides, which measures
7} ft. by 3§ ft., at 9d. a square yard.

8. Find the charge for plastering & room 18 ft. long, 15 ft. broad, and
9 ft. high, the walls at 5d.a square yard, and the ceiling at 11d. per square
yard, allowing for a door 7 ft. by 4 ft., and a fireplace 4 ft. 6 in. by 4 ft.

4. Find the cost of a wall with a triangular gable top of 10 ft. high,
the height of the wall being 36 ft., the breadth 24 ft, and the thickness
2 bricks, at 34s. per standard rod.

5. Find the cost of roofing a house of the common pitch, the length
being 40 ft., and the breadth 35 ft., at 12s. a square.

8. If bricks are £2 5s. a thousand, and 4500 are required for a
standard rod, mortar and cartage cost 24s. 9d. a rod, and labour £2
5. per rod, find the cost of building a wall 272 ft. long, 18 ft. high, and
2 bricks thick.

7. A piece of timber which tapers regularly has one end 7 ft. in girth,
the other end 4 ft., and is 40 ft. long: find its volume in cubic feet.

8. A building has 63 windows; 40 of them contain 12 panes each,
20 in. by 16 in.; the others contain 9 panes each, 16 in. square: find
the cost of glazing the whole at 2s. 3d. per square foot.

9. Find the cost of flooring a room 54 yds. long and 21 yds. broad,
with planks each 134 ft. long and 104 in. wide, at 54d. per square foot.
Find also the number of planks required.

10. The trunk of a tree when felled is 40 ft. long, and the girth of its
ends is 7 ft. and 4 ft.: what is its value at 1s. per cubic foot?

11. The length of a house is 80 ft., and its breadth 35 ft. : find the
cost of roofing it, common pitch, at 7s. 6d. a square.

12. A piece of squared timber 36 ft. long tapers regularly ; at one end
its breadth and thickness are 30 in. and 20 in. respectively, and at the
other 24 in. and 18 in.: find the number of cubic feet.

13. Find the number of standard rods of brickwork in a wall 125 ft.
long, 14 ft. 8 in. high, and 2} bricks thick.

14. Find the cost of roofing a building of the Gothic pitch at 30s. per
square, the length of the building being 120 ft., and the breadth 40 ft.

18. The length of the roof of a house is 75 ft., and the length of a
string stretched over the ridge from eaves to eaves is 60 ft.: find the cost
of the roof at £2 7s. 6d. per square.

16, Find the cost of flooring two rooms at £3 15s, per square, one
room measuring 28 ft. by 16 fr., and the other 24 ft, by 15 ft. 6 ins,”
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17. Find the number of cubic feet in a felled piece of timber whose
ggu}distant girths are 3 ft., 4} ft., 5% ft., and 7 ft., the length being

t.

18. A building 30 ft. long and 25 ft. broad is to be covered with lead,
the roof being of pediment pitch : find the cost of the lead, supposing it
to weigh 6 1bs, to the square foot and to cost 21s. per cwt.

19. Find the number of yards of standard brickwork contained in a
triangular gable top which is 15 ft. high, and the base of which is 20 ft.,
supposing the thickuess of the wall to be 2% bricks.

20. What is the cubical measurement in feet of a squared piece of
timber whose length is 36 ft., and mean breadth and thickness 1 ft. 3 in.
and 9 in. respectively ? -

21. What number of cubic feet is there in the trunk of a tree recently
felled which is 48 ft. in length, and whose equidistant girths are 2} ft.,
34 ft., 4% ft., and 53 ft.?

22. How many standard rods of brickwork are there in a wall 78 yds.
long, 8 ft. high, and 24 bricks thick ?

28, What will it cost to roof a Gothic house which is 55 ft. by 40 ft.,
at 25s. a square ?

24. What will be the cost of glazing 18 windows, each containing
12 panes of 16 in. by 12 in., at 2s. 6d. a square foot ?

25. Find the cost of lining a cistern with lead, 5 1bs. to the square
:'loot, at 24s. a cwt., the cistern being 8 ft. long, 4 ft. broad, and 3 ft.

eep.

XLII.-MISCELLANEOUS EXERCISES ON SOLIDS.

I‘

1. Find to two decimal places the edge of a cube equal in volume to
a sphere of 4 ft. radius.

2. The height of a cone is 2:712 in., and its volume is 27-12 cub. in. :
find to three decimal places the circumference of the base.

8. A brick wall is half a mile long, 10 ft. high, 4§ ft. thick at the
bottom, and tapering uniformly to 3 ft. thick at the top: how many
cubic yards of brickwork does it contain ?

4. A circular plate of iron weighs 4} ozs. per cubic inch; it is
14} ;l%.&in diameter, and 2 in. thick: find its whole weight in pounds.
= .

5. Find the cost of painting the convex surfaces of 5 cylindrical
pillars, each 14 ft. high and a foot in diameter, at 83d. a square yard.

8. A regular tapering plank 7 ft. long, %of an inch thick, is 8 in,
wide at one end and 5 in. wide at the other : find its contents.
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IL

1. Find to the hundredth part of an inch the slant height of a cone
589 ¢ub. ft. in volume and 5 ft. in diameter at the base.

2. The diameter of a sphere is 6 ft.: how many cubic feet of it must
be removed that the remainder may form the largest cube that can be
cut from it ?

8. A room 11 ft. high is half as long again as it is wide, and its cubical
contents are 4768} cub. ft.: find its length and breadth.

4. Find the weight of a circular disc of cast iron 7 ft. in diameter and
1} in. thick, if a plate 1 ft. square and 1 in. thick weighs 37} 1bs.,and the
ratio of the diameter to the circumference be as 7 : 22.

5. The inner diameter of a cylindrical cistern is 3 ft. 9 in.; its depth
is 53 ft.: how many gallons of water will it hold ?

6. Find the volume of Pompey’s pillar, the diameter of whose base is
9 ft., and of the summit 7% ft., the vertical height being 90 ft.

IIL

1. The height of a cone is 20 in., the circumference at the base 72 in.:
find its volume. ’

2. At 2s. 6d. a square foot, what is the cost of polishing the couvex
surface of a cylinder 10} in. in diameter and 8 ft. long?

8. If the volumes ot two cylinders are as 11 : 8, and their heights as
3 : 4, and if the base of the first has an area of 16'5 sq. ft., what is the
area of the base of the second ?

4, From what height above the surface of the earth will one-third of
its surface be seen ? _

5. What number of %allons of water will atank 10} ft. long, 6} ft.
wide, and 5 ft. deep hold

8. The weights of two spheres which are solid and made of the same
material are 512 lbs. and 729 lbs. respectively : if the radius of the first
sphere is 16 in,, what will it cost to gild the surface of the second sphere
at 1}d. a square inch? Given » = 37, .

1v.

1. The capacity of a cylnarical vat is to be 7000 gals., and its
depth 9 ft. 5 in.: what must be the internal diameter? = = $$§.

2. What is the length of the diagonal of a rectangular parallelopiped
whone length is 6 ft., breadth 4 ft., and depth 2 ft. ?

8. The perimeter of a circle is 1 ft.: find its area to the hundredth of
a square inch.

4, Find the volume of an hexagonal pyramid, each side of the base
being 6 ft., and the perpendicular height 8 ft.

8. The circumference of the earth being 25,000 miles, and the distance
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hetween London and York 200 miles, to what height must a man ascend
from one of these places in order to see the other ?

8. The volume of a sphere is equal to that of a cube the length of
whose edge is 1 ft.: find the surface of each.

v.

1. The three edges of a rectangular parallelogiped that meet at an
angle are respectively 25 ft., 54 ft., and 160 ft,: find the diagonal of a
cube which has the same volume,

2, A tank is 20 ft. 9 in. long, 15 ft. 7 in. wide, and 6 ft. 4 in. deep:
find how much water it will hold in cubic feet.

8. How many gallons of water will be required to fill a cylindrical
tank 20 ft. 2 in. deep and 21 ft. in diameter ?

4. A right cone and a hemisphere lie on opposite sides of a common
base of 2 ft. diameter; the cone is right-angled at the vertex: if a
cylinder circumscribe them in this position, how much additional space
is thereby enclosed ?

5. To what height must a man be raised above the earth in order that
he may see one-sixth part of its surface ? '

8. The volume of a sphere is equal to that of a right circular cylinder,
the radius of the base of which is 1 ft., and the height 2 ft.: find the
surface of each.

VI

1. If I pay one guinea for a cubical block of marble of which the side

measures 1 ft., what ought I to pay for another cubical block of the same

.ﬁualg of which the side is equal in length to the diagonal of the first
oc

2. Find to the nearest hundredth of an inch the radius of a sphere
whose volume is 1 cub. ft.

8. What must be the length of the side of a square tank capable of
holding 2000 gals., if the depth of the tank is 5 ft.?

4. A cask in the form of two conic frustums joined at their bases has
the diameter at the head 20 in. and at the bung 25 in. ; the height of the
cask is 3 ft. 4 in.: find the weight of water required to fill it.

5. In a spherical zone the radii of the two ends are 10 ft, and 6 ft.;
the altitude of the zone is 8 ft. : find the volume.

6. The surface of a sphere is equal to that of a cube the length of
whose edge is 1 ft.: find the volume of each.

VIL

1. If 30 cub. in. of gunpowder weigh 1 1b., what weight of gunpowder
will be required to fill & cylinder whish is 8 in. in internal dismeter, and
2} ft. high ?

K
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2. An ale-glass in the form of a conic frustum is 3§ in, in depth;
the diameter of the top is 2} in., and that of the bottom 1 in.: find how
many such glasses could be filled from a gallon.

8. Compare the surfaces of the three zones of the earth’s hemisphere,
the torrid zone extending to 233° from the equator, and the frigid zone
to 23}1° from the pole, the temperate zone occupying the space between.

4. Find the volume of a cask in gallons, the length being 475 in., the
bung diameter 28°6 in., and the head diameter 265 in.

5. The weights of two globes are as 9:25; the weights of the
substances composing the globes are as 15 : 9: compare the diameters of
the globe.

8. A cubic inch of brass is drawn into a wire J of an inch diameter:
find the length of the wire to the nearest inch.

VIIL

1. Water is poured into a cylindrical reservoir 20 ft. in diameter
at the rate of 400 gals. a minute: if a gallon of water measures
277% cub. in., find how much the water rises in 1 min.

2. Find the surface of a triangular prism whose length is 5 ft., and
the sides of whose base are 6 in., 8 in., and 10 in. respectively.

8. It is required to cut a piece equal to a solid foot from a plank
2} in. thick and 8 in. wide: find the length to be cut off.

4. The convex surface of a cone is 6676 8q. ft.,and the diameter of the
base is 85 ft.: find the slant height.

5. What length of wire 16 in. in diameter can be made out of
2 cub. in. of copper ?

6. A sphereand a cube have the same volumes: compare their surfaces.

IX.

1. In a rectangular piece of ground 160 ft. long and 80 ft. broad, it is
required to make a rectangular bath 145 fi. long and 65 ft. broad; the
earth excavated is to be placed on the surrounding ground : what must
be the depth of the bath in inches that the surrounding ground may be
raised 8 ft.?

2. Itisrequired to put a cubical case whose volume is 4019:679 cub. ft.
through a square hatchway whose area is 3779136 sq. in. : can this be done ?

8. If Canadian elm is *725 of the weight of water, what will be the
weight of a beam of Canadian elm 12 ft. 6 in. long, 1 ft. 6 in. deep, and
1 ft. 3 in. thick?

4. If a heavy sphere 4 in. in diameter be placed in a conical glass full
of water, whose diameter i8 5 in. and altitude 6 in., find how many cubic
inches of water will run over.

8. A mirror 33 in. by 22 in. is to have a frame the same area as that
of the glass: find the width of the frame.
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6. The solid contents of a box are 68 cub. ft.; the width is 5 ft. 4 in,,
the length is three times the depth : find the length and depth.

X.
1. What are the solid contents of a cylinder whose diameter is 43 ft.,
and height 8 ft.?

2. Find the volume of an hexagonal prism which is 25} ft. long, and
the central diagonal of its base 2} ft. ‘

8. Find the area of a circular ring whose internal and external
diameters are 5 ft. and 15 ft. respectively.

4. The length of a hollow roller is 3 ft,, the exterior diameter 2 ft.,
the thickness of the metal £ of an inch : find the solid contents.

5. A tank measuring 12 ft, by 8 ft. 10 in., and 6 ft. 6 in. deep, is filled
with a liquid solution; after a deposit has taken place, the clear liquid
is drawnjoff and found to measure 4000 gals. (gal. = 277:279 cub. in.):
what is the value of the deposit at £2 3s. 114d. per cubic foot ?

8. A globe 19 in. in diameter weighs 73 1bs.: what will be the weight
of a globe made of the same material whose diameter is 88 in. ?

XLIIL—MISCELLANEOUS EXERCISES (GENERAL).
(See Easy Exencises XVI. A, B,C, D, E, T, G, H))

I

1, Find the area of a circle traced on a sheet of paper by a pair of
compasses whose legs are 6 in. long and contain an angle of 90°. ’

2. For one inch of rainfall, what is the weight of water on an acre of
grouad ? '

8. A railvay embankment across a valley has the following measure-
ments : width at the top, 20 ft.; at the base 45, ft. ; height, 11 ft. ; length
at top, 1020 yds. ; at the base, 960 yds. : find its cubic contents.

4. Alighthouse bears south-west from a ship 22} miles ; the ship ther
sails due west for 134 miles, when she is due north of the lighthouse :
how far off is the lighthouse now ? L

8. What is the value of a log of Spanish mahogany 18 ft. long, 3} ft.
broad, and 2 ft. thick, at 7s. Gd.gper cupb?ic foot ? sy % %

8. A well 3 ft. in diameter has a depth of water in it of 15 ft.: how
many gallons of water are there in the well ? :

II.

1. A circular hole is to be cut in a circular plate whose diameter 18

12 ft., so that the weight of the plate is reduced one-quarter: find the
diameter of the hole. ,
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2. A cubic foot of copperis drawn into a wire v of an inch in diameter:
find its length.

8. The distance between two towns is 54 miles, and their distances
between the places on a map is 6 in.: find the scale to which the map
is drawn,

4. A river 20 ft. deep, 100 yds. wide, flows at the rate of 3 miles an
hour : find how many tons of water run into the sea per minute, if a cubic
foot of water weighs 1000 ozs.

1006‘: Find the volume of a cylinder whose radius is 4 ft., and height
t. :

6. A rectangular court is 20 yds. longer than it is broad, and its area

is 4524 sq. yds. : find its length and breadth.

IIL.

1. A cube contains 11 cub. ft. 675 cub. in.: find the length of its
diagonal.

2. A rectangular garden contains 1200 sq. yds., and the length is to
the breath as 4 : 3: what will the fencing cost at 3s. 6d. per yard ?

8. Find the size of the largest circular plate that can be cut out of a
square plate of iron containing 25281 sq. in.

4. A wall five times as high as broad, and eight times as long as high,
contains 18225 cub. ft.: find the breadth of the wall.

5. A hemispherical punch-bowl is 5 ft. 6 in. round the brim: sup-
posing it to be half full, how many persons may be served from it in
hemispherical glasses 1§ in. in diameter at the top ?

6. The radius of a circle is 4/Z in. ; two parallel straight lines are
drawn in it, each an inch from the centre: find the area of the part.of the
circle between the straight lines.

iv.

1. If two cubical blocks of stone contain 8 cub. ft., and the side of the
lesser is to the greater as 3 : 4, find the side of each.

2, The area of a triangle is 6 ac. 2 ro. 8 po., and a perpendicular from
one angle on the base measures 524 lks. : find the length of the base in
chains.

8. The chord of an arc of a circle. is 8 ft., and the height of the arc is
2 ft. : what is the radius of the circle ?

4. Find the number of square inches in the surface of a glass shade in
the shape of a oylinder with a hemispherical top, the diameter of the
shade being 12 in., and the total height to the top of the dome 2 ft.

8. The map of a country is drawn on a scale of ¢ of an inch to a
mile : what area on the map will represent a lake of acres ?
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6. The base of a rectangular prism is an equilateral triangle with a
side of 7 in. The height of the prism is 2 ft. : find its volume.

V.

1. The sides of a right-angled triangular field adjacent to the right
angle are 357 ft. and 476 ft. : find the length of the third side.

2. The three different edges of a rectangular parallelopiped are 3 ft.,
2-52 ft., and 1'528 ft. : find the cubical contents of the box, if the material
of which it is composed is yy; of a foot in thickness.

8. An hexagonal pyramid whose height is 8 ft. has each of its sides
at the base 6 ft.: how far from the top must a plane be drawn, parallel to
the base, to divide the pyramid into two equal parts?

4. What is the cost of papering a square room 22 ft. 6 in. in
length and 12 ft. 4 in. in height, with paper 2 ft. 4 in. wide, at 9d.
per yard ?

8. If the number of square feet on the surface of a sphere equals
the number of cubic feet in its volume, what number represents its
diameter ?

6. Find the cost of plating a cube of metal containing 2 cub. ft.
1457 cub. in. with silver at 3s. 9d. per square foot.

VI.

1. The perimeter of a square is 1 ft.: compare its area with that of an
equilateral triangle whose perimeter is 1 ft.

2. The sides of three cubes have equal differences, their sum is 15 in.,
and the solid contents of the three cubes together are 495 cub. in.: re-
quired the length of the side of each cube.

8. How many marbles, each one inch in diameter, can be packed in a
box whose internal dimensions are an exact cubic foot ?

4. Two sides of a triangular field containing an obtuse angle are
110 yds. and 220 yds. respectively : find the length of the third side that
the field may contain exactly an acre.

5. How many square feet of metal will be required to make a
rectaggular tank, open at the top, 12 ft. long, 10 ft. broad, and 8 ft.
deep

8. A circular pond has an area of 346} sq. yds.: find to the nearest
penny the cost of fencing it round at 4s. 6d. per yard.

VIL
1. The sides of a triangular field are 10 ch., 8 ch., and 12 ch.: find
the acreage of the field.

2. A cubical cistern contains when full 2000 cub. ft. of water: find
the length of one of its sides to the tenth of an inch.
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8. What quantity of metal will be required to make a hollow spherical
ball, the external diameter being 18 in. and the thickness 44 in.? -

4. Find the area of a quadrilateral figurein which one of the diagonals
is 93 ft., and the perpendiculars upon it from the opposite angles are 60°5 ft.
and 36-7 ft. respectively.

8. The dimensions of a rectangular box are as 2:3:4, and the
difference between the cost of covering it with sheet lead at 8d. and 84d.

-is-4s. 104d. : ‘what are the dimensions of the box ?

6. What is the area of the largest circle that can be inscribed in the

square whose area is 5499025 sq. ft. ?

VIIL

1. If the side of a cube be 2, required the side of a cube exactly
double the contents of the former.

2. Find the number of cubic feet in a room which is 36 ft. long, 20 ft.
wide, and 10 ft. high to the spring of the roof, and 16 ft. from the floor to
the pitch of the roof. :

8. Find the weight of a ball of ash wood whose specific gravity is 4
of water, the diameter of the ball being 10 in., and the weight of a cubic
foot of water 1000 ozs. )

4. The sum of £9 0s. 104. is allowed for papering a room 27-7 ft. long,
19-55 ft. wide, and 12-4 ft. high: how much per yard must be given for
a paper 2'7 ft. wide ?

6. Find the area of the six equal faces of an hexagonal pyramid, each
side of the base being 6 ft., and the perpendicular height 8 l!t)

6. Fiud the surface of a globe whose diameter is 24 in.

IX.

1. If the radius of a given circle is 1 ft., find to the hundredth of an
inch the radii of the two concentric circles which divide the area into
three equal parts. »

2. If three yards be taken from one side of a rectangle whose perimeter
is 14 yds., and added to the other side, its area will be doubled: find the
length of the sides.

8. How many superficial feet of 1 in. plank can be sawn out of a log
of timber 20 ft. 7 in. long, 1 ft. 10 in. broad, and 1 ft. 8 in. deep ?

4. Find the weight of a bombshell whose exterior and interior
diameters are 10 in. and 8 in. respectively. Let = = %%, and the specific
gravity of the iron be 7:21 times that of water.

8. The walls of a room 21 ft. long, 15 ft. 9 in, wide, and 11 ft. 8 in.
high,: are painted for £17 17s. 33d.: find the expense of painting the
ceiling at the same rate.

8. A cylindrical vat 8 ft. in diameter contains 960 gals.: what is its
depth, supposing a gallon equivalent to 275 cub. in. ?
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X.
1. Find to the nearest hundredth of an inch the radius of a sphere
whose surface is 1 sq. ft.

2. If a rocm 40 ft. long by 20 ft. broad contains 12800 cub. ft., what
addition will be made to the cubic contents by throwing out a semi-
circular bow at one end ?

8. How many square feet of canvas are necessary for a conical tent
whose perpendicular height is 10 ft., and diameter of the base 13 ft. ?

4. A reservoir containing 1200 cub. ft. of water is emptied by means
of a pipe 3 in. in diameter: if the water flows out with a velocity of 2
miles an hour, how long will it take to empty it ?

5. A cubical box exactly holds 125 shot, each 3 in. in diameter:

find how many cubic inches of sand would be required to fill up the
interstices.

6. Find to the nearest square inch the quantity of leather required
to cover a spherical ball 23 in. in circumference.

XLIV.—EASY EXERCISES.

These exerciees are adapted either for mental or rapid book-
work for the purposes of revision.

I.—ON MEASUREMENTS.

A.

1. What is the difference between 5 sq. ft. and 5 ft. square?
2. What is the difference between 3 cub. ft. and 3 ft. cube ?
, How many yards in 5 ch.?

. How many chains in 4} miles ?

. How many square yards in 1 sq. ch.?

. How many square chains in 1 ac.?

(- B

B.

1. Reduce 450000 sq. lks. to acres.

2. How many acres in 7595 sq. ch.?

8. How many acres in 375000 sq. lks, ?
4. How many feet in 3 ch. ?

8. In 1 mile 5 ch., how many yards ?

6. How many chains measure a furlong?
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C.
1, Multiply 174 ft. by 33 ft.
2. Multiply 49 ft. by 125 ft.
8. Multiply 25 yds. by 33 yds.
4. Divide 795 sq. ft. by 15 ft.
8. Multiply 10} ft. by 73 ft.
6. Multiply 8} ft. by 8% ft.

II.—ON PARALLELOGRAMS.

A,

1. How do you find the area of a parallelogram ?

2. Find the area of a floor in square yards which measures 15 ft. hy
12 ft.

8. How many square inches in a table 3 ft. 6 in. 1ong and 2 ft. 1 in.
broad ?

4. How many acres in a field which measures 10'5 ch. by 12'5 ch.?

5. How many yards of carpet 1 yd. wide will cover a room 18 ft. by
15 ft. in measurement ?

8. What is the area of a rectangular playground which measures
45 yds. by 25 yds. ?

B.

1. How do you find the area of a square?

2. How do you find the area of a square when the diagonal is given ?

8. Find the area of a square field whose side is 500 lks.

4. Find the area of a square table whose diagonal is 12 ft.

5. A square playground is 20 yds. long : what will it cost to asphalt
at 8d. a square yard

8. What length of rope in yards will surround a rectangular field
which measures 43 ch. by 3% ch.?

C.

1. Given the area ot a square, how is the length of the side found ?

2. Given the area of a square, how is the length of the diagonal
found ?

8. The area of a square garden is one-tenth of an acre, find the length
of the side in yards.

4. The area of a square cricket-field is 2} ac., find the length of the
side in yards.

8. The area of a square field is 5 ac., find its diagonal.
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6. A room is 15 ft. square : what will it cost to carpet at 3s. 6d. a
square yard ? °
D.
1. Given the area of a parallelogram and one side, how is the perpen-

dicular height found ?

2. The area of a plank is 27 sq. ft.,, its breadth is 9 in.: find its
length,

8. A black-board of 2 sq. yds. is 44 ft. long: find its breadth.

. i.hA room whose area is 30 sq. yds. is 15 ft. broad: find its
ength.

g? What will it cost to carpet a room 12 ft. by 18 ft. at 4s, a square
yar

8, A wall is 18 {t, long and 15 ft. high : find the cost of painting it at
3d. a square yard.

IIL.—ON T'RIANGLES.

A,
1. Given the base and perpendicular of a right-angled trisngle, to find

the hypothenuse.

2. Find the length of a ladder which will reach 12 ft. high 9 ft. from
the wall.

alla? How high will a ladder 25 ft. long reach placed 15 ft. from the
w

4. A ship sails east 30 miles, another ship north for 40 miles: how
many miles are they then apart if they sailed from the same port ?

8. The area of a square field is 10 acres: what is the length of the
rope in yards which will surround it ?

8. The diagonal of a square is 15 ft.: find the area.

B.

1. Given the base and perpendicular of a triangle, to find the area.
2. Find the area of a triangular field whose base is 5 ch.,, and
perpendicular height 1 ch,

8. Find the area of a triangle whose base is 15 ft., and perpendicular
height 10 ft.

4. Find the cost of gravelling a triangular courtyard 15 ft. long, and
whose perpendicular breadth is 8 ft., at 5d. a square yard.

01 f6 ?How many stones 2 ft. by 1} ft. will pave a courtyard 17 ft. by
t.
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8. What will it cost to paper a wall 16 ft. by 12 ft., at 3d. a square
yard?

C.

1. What is the area of a triangle whose three sides are a, b, and ¢?

2. Find the area of a triangle whose sides are 4 ft., 8 ft., and 10 ft.

8. Find the area of a triangle whose sides are 4 in., 6 in., and 8 in.

4. The area of a triangular slab is 90 sq. ft.; its perpendicular height
is 12 ft.: find its base. g o T perpe g

8. The length of a rectangle is 9 ft., its breadth 12 ft.: find the length
of the diagonal.

6. The base and perpendicular of a right-angled triangle are 6 ft. and
8 ft.: find the length of the perpendicular from the right angle on the
hypothenuse, -

1V.—MISCELLANEOUS.

A.

1. Reduce 725000 sq. Iks. to acres.

2. Multiply 10} ft. by 113 ft.

8. In 2 miles 3 ch. how many yards ?

4, Find the area of the walls of a room which measures 12 ft. long,
10 ft. broad, and 9 ft. 6 in. high.

5. How many yards of carpet 2 ft. 3 in. wide will cover a floor
12 ft. long by 11} ft. wide?

8. The hypothenuse of a right-angled triangle is 12 ft.,and the area is
48 8q. ft.: find the length of the perpendicular on the hypothenuse from
the right angle,

B.

1, A quadrilateral has two parallel sides 18 ft. and 24 ft., and

perpendicular distance between them 14 ft.: find the area.
" 2. Find the area of a trapezoid whose parallel sides are 5 ft. and 8 ft.,

and perpendicular distance between them 4 ft.

8. A board has two parallel sides of 1 ft. 10 in, and 1 ft.; the
perpendicular width is 10 in.: find the area.

4. The area of a square field is 16 ac.: find its perimeter in
yards.

5. What is the side of a square room equal in area to a room 25 ft.
by 9 ft.?

8. The area of a triangle is 84 sq. yds., and the ndicular on the
base 42 ft.: find the lengtgh of the ggsey ’ porpe
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V.—ON CIRCLES.
A.

1. How do you find circumference, diameter given ?

2. What does » represent ?

8. If the radius of a circle is 3% ft., find the circumference.
4, If the diameter of a circle is 7 ft., find the circumference.
5. If the radius of a wheel is 13 ft., find its circumference.

. f ‘A square field is 1 ac. 1 ro.: find the radius of the circumscribing
circle.

B.

1. How is the area of a circle found from the diameter ?

2. How is the area of a circle found from the radius ?

8. Find the area of a circle whose diameter is 3% ft.

4, Find the area of a circle whose diameter is 7 ft.

5. Find the area of a circle whose radius is 2 ft.

6. Find the circumference of a circle whose radius is 14 ft.

C.

1. How is the diameter of a circle found from the circumference ? -
2. How is the radius of a circle found from the circumference ?

8. Find the diameter of a circle whose circumference is 9% ft.

4. Find the radius of a circle whose circumference is 66 ft.

5. Find the circumference of a wheel whose radius is 23 ft.

8. Find the diameter of a circular cricket-ground which is one mile in
circumference.

D.

1. How do you find the area of a circle from the circumference ?

3. How many acres are there in a circle whose circumference is
one mile?

8, What is the area of a ring 22 yds. in circumference ?

4. Compare the arca of a circle whose diameter is 4 with a square
whose side is 4.

5. Compare the circumference of a circle whose diameter is 7 with the
perimeter of a square whose side is 7.

6. What is the area of a circular plot whose radius is 5 ft. ?

E.

1. How do you find fhe diameter of a circle from the area?
2. How do you find the radius of a circle from the area ?
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8. What is the diameter of a circle whose area is 154 sq. yds. ?

4. What is the radius of a circle whose area is 124 sq. ft.?

5. What is the diameter of a circle in feet whose area is 3} sq. yds. ?
6. Compare the diameter of a circle with its circumference.

F.
1, How do you find the circumference of a circle from the area ?
2. Find the circumference of a circle whose area is 164 sq. yds.
8. Find the circumference of a circle whose area is 38} sq. yds.
4. Find the circumference of a circle whose area is 9§ sq. ft.

6. Compare the diagonal of a square whose side is 7 ft. with the diameter
of a circle of 10} ft. radius.

6. What is the side of a square field containing 10 ac. ?

G.

1. How do you find the area of a circular ring ?

2. What is the area of a ring whose outer and inner diameters are
22 in. and 8 in. ?

8. Find the area of a ring whose outer and inner diameters are 28 ft.
and 14 ft.

4. Find the area of a road 1 ch. broad round a circular plantation
whose diameter is 24 ch.

5. Find the diagonal of a square whose area is 50 sq. ft.

6. The radius of a carriage-wheel is 1§ ft.: how many times will it
turn round in travelling 2 miles?

VI.—Ox Secrors.

A.
1. What is a sector of a circle ?

2. How do you find the area of a sector from the length of the arc and
radius of the circle ?

1 :t. Find the area of a sector whose radius is 5 ft., and length of arc

4. Find the area of a sector the length of whose arc is 14 yds., and
radius of the circle 2} yds.

5. Find the area of a sector whose arc is 16 ft. long, and the radius of
the circle 123 ft.

©. The radius of a quadrant is 7 ft. : find the area.
B.

1. What is the area of a sector of a circle whose arc contains 126°, and
the radius of the circle 5 ft.?
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2, What is the area of the sector of a circle whose arc contains 140°,
and the radius of the circle 6 ft.?

8. What number of degrees is there in a sector of a circle whoseradius
is 7 ft., and length of the arc 11 ft.?

4, What number of degrees i3 therein a sector of a circle whose radius
is 1% ft., and length of arc 3§ ft.?

5. What is the area of a circle a sector of which, having an angle of
36°, contains 12 sq. ft. ?

8. Find the area of a semicircle whose radius is 10} ft.

VII.—Ox CHORDS AND SEGMENTS,

1. What is a chord ?
2. What is a segment ?

8. What is the length of the chord of a circle 3 in. from the centre,
the radius being 5 ft. ?

4, What is the radius of a circle in which a chord of 6 ft. is 4 ft. from
the centre?

8. What is the radius of a circle of which a chord is 8 ft., and the
height of the arc 2 ft. ?

6. What is the radius of a circle when a chord of 8 ft. has the height
of the arc 4 ft. ?

VIII.—Ox THE ELLIPSE.

1. How do you find the area of an ellipse?
-2, Find the area of an ellipse whose diameters are 10 ft. and 7 ft.
8. Find the area of an ellipse whose semidiameters are 7 ft. and 6 ft.

4, Find the area of a field in the form of an ellipse whose diameters
are 10 ch. and 14 ch.

5. Find the area of an ellipse whose semidiameters are 10} ft. and 8 ft.

6. Compare the area of a circle whose radius is 7 ft. with an ellipse
whose semidiameters are 7 ft. and 6 ft.

IX.—MISCELLANEOUS.

1. Find the area of a square field whose diagonal is 16 ch.

2. The area of a square table is 4 sq. ft. 49 sq. in. : find the length of
the side.

8. Find the cost of carpeting a room 18 ft. by 24 ft. at 2s. 6d. a
square yard.

4, What is the diameter of a circle whose circumference is 33 ft. ?
5. Find the side of a square equal in area to a rectangle 18 ft. by 8 ft.
8. What is the area of a square field whase diagonal is 10 ch,?
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X.—ON STANDARDS OF CAPACITY.

1. What is the weight of a gallon of water ?

2, What is the cubic measurement of a gallon ?

8. What is the weight of a cubic foot of water ?

4. How many gallons make a cubic foot of water ?
5. What is the weight of a pint of water ?

6. What are the cubic contents of a pint of water ?

XI.—ONX THE PARALLELOPIPED.
A,

1. What are the solid contents of a 4-ft. cube ?
2. What is the whole surface of a 4-ft. cube ?
8. What weight of water will a 2-ft. cubical cistern hold ?
4. What are the contents of a box 3 ft. by 2 ft. by 1% ft.?
5. Find the whole surface of a box 3 ft. by 2 ft. by 1} ft.
6, The surface of a cube is 216 sq. yds.: find the length of one side,

B.

1. A tank measuring 1680 cub. yds. is 20 yds. long and 14 yds.
broad : find its depth.

8. How many cubio feet of air are there in a room 20 ft. by 12 ft. and
10 ft. high?

8. What size cube contains 1000 cub. in.?

4. A log of wood of 60 cub. ft. is 20 yds. long, § ft. wide: find its
thickness.

8. How many gallons will a cistern 5 ft. by 2} ft. by 2 ft. deep hold ?

6. What is the weight of water in a cistern 3 ft. by 2 ft. and 2 ft.
deep, when it is full?

C.
1. How many pieces of wood, each 8 in. by 2 in. by 4 in. thick,
can be cut from a cubic foot ?

8. What is-the cost of 3 pieces of wood, each 16 ft. by 1 ft. and 1% in.
thick, at 2s. 6d. per cubic foot ?

8. What weight of water in tons will a reservoir hold which is 16 yds.
by 14 yds. and 10 ft. deep ?

4. How many blocks, each 3 in. by 2 in. and 2 in. deep, will fill a box
1% ft. by 1 ft. and 6 in. deep?

8. What is the total surface of a box which is 3 ft. by 2 ft. by 2} ft. deep?

6. What must be the depth of a cistern 5 ft. by 4 ft., to hold 250 gals.
of water ?
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XII.—Ox PrisMs AND CYLINDERS.

1. How do you find the volume of a prism ?

2, Find the volime of a triangular prism whose sides at base are 3 iu.,
4 in., and 5 in., and perpendicular height 2 ft,

8. Find the volumeof a cylinder whose diameter is 3} ft.,and height 10 ft.

4. Find the cost of sinking a well 7 ft. in diameter, 33 ft. deep, at
7 cub. ft. for 6d.

8. How many gallons are there in a well 3} ft. in diameter, having a
depth of 20 ft. of water ?

6. Find the volume of a prism whose area at the base is 5 sq. ft., and
height 2 ft. 6 in.

XIII.—Ox CoNes AND PyraMIDS.

1. How do you find the solidity of a cone?

2. Compare the volumes of a cone and cylinder having the same base
and perpendicular height.

8. How do you find the slant height of a cone, having given the
perpendicular height and radius of the base ?

4. How do you find the upright surface of a cone ?

8. Find the volume of a cone whose base is 100 sq. in., and whose
height is 1% ft.

8. Find the volume of a square pyramid whose side is 4 ft., and
height 12 ft.

XIV.—MISCELLANEOUS.
1. Find the slant height of a cone the diameter of whose base is
30 ft., and perpendicular height 20 ft.

2. Find the upright surface of a cone the circumference of whose base
is 27 ft., and slant height 50 ft.

8. What is the circular surface of & cylinder whose diameter is 7 ft.,
and perpendicular height 20 ft.?

4. What is the volume of a cone, the diameter of the base being 7 ft.,
and height 30 ft.?

8. Find the volume of a triangular pyramid the sides of whose base
measure 3 in., 4 in., and 5 in., and whose height is 15 in.

6. How many tons of water will a cylinder hold whose diameter is
7 ft., and height 20 ft.?

XV.—OX THE SPHERE.

1. How do you find the volume of a sphere ?

2. Compare the volume of a cube with that of a sphere whose diameter
equals the side of the cube.
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8. Compare the volumes of a sphere and its circumscribing cylinder.
4, What are the contents of a sphere whose diameter is 3} ft.?

5. Find the contents of a sphere whose radius is 1 ft.

6. Compare a cube of 1 ft. and a sphere whose diameter is 1 ft.

XVI.—MISCELLANEOUS,

A,

1. Compare the areas of two similar triangles whose bases are 8 in.
and 4 in. respectively.

2. Compare the volumes of two spheres whose radii are respectively
3 in. and 4 in.

ds. Compare the areas of two squares whose sides are respectively 3 in.

and 4 in.

4. Compare the volumes of two cubes whose sides are respectively
3 in. and 4 in,

5. Compare the volume of a cube whose diagonal is 3 with a sphere
whose diameter is 3.

8. Compare the volumes of two similar solids whose perpendiculars
are 2 ft. and 3 ft. respectively.

B.
1. A triangle has a base of 50 in.: find the length of a line parallel to
the base which divides the triangle equally.

2. A triangle has a base 50: find the lengths of two lines parallel to
the base which divide the triangle into three equal parts.

3. Find the surface of a cube whose side is 3 ft.
4. Find the surface of a sphere whose diameter is 3 ft.

5. Find the canvas required to make a conical tent 8 ft. high, whose
diameter at the base is 12 ft.

6. How far can you see at a height of 5 miles, supposing the diameter
of the earth = 8000 miles?

C.

1. How do you find the area of a rhombus ?

2. Find the area of a rhombus whose diagonals are 7 ft. and 10 ft.

8. Find the area of an equilateral triangle whose side is 5 ft.

4, Find the area of an hexagon whose side is 1 ft.

5. Compare the areas of two similar regular polygons whose sides are
4 ft. and 5 ft. respectively.

8. The area of a polygon whose side is 5 ft. is 85 £q. ft.: find the area
of a similar polygon whose side is 3 ft.
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D.

1. If 1 sq. in. represents a square yard, what is the scale of the
plan?
8. If 1 sq. ft. represents 10 ac., what is the scale ?

8. The sides of a rectangle are as 2:3, and the area iz 150: find
the sides.
scal*?A field of 1 ac. is represented on a plan by 1 sq. in.: what is the
cale
8. Compare the areas of a square and hexagon whose perimeters are
equal.
8. How many plots, each 22 yds. square, can be made from 3 ac. ?

E.

1. What is the side of a square whose area is 6:25 sq. ft.?
2. Find the area of & square whose diagonal is 5 ft.

8. Find the area of the walls of a room 13 ft. 6 in. by 12 ft. 6 in., and
10 ft. high.

4, Compare the perimeters of a square and equilateral triangle of
equal areas.

8. ?How many square yards of carpet will cover a room 15 ft. by
12 ft.
8. What is the area of a circle whose radius is 24 ft. ?

F.

1. What is the volume of a cylinder 7 ft. radius and 10 ft. high ?

2, What is the diameter of a circle whose areais 154 sq. yds. ?

8. Find the area of a circular ring whose inner and outer diameters
are 8 ft. and 6 ft.

4. An elliptical flower-bed has its conjugate diameters 14 ft. and 10 ft. :
find its area.

5. What is the surface of a sphere whose radius is 7 ft.?

8. What is the total surface of a cone whose radius is 8 and slant
height 11?2

G.

1. Compare the volumes of two globes, one having a diameter of 2 ft.»
the other a circumference of 2 ft.
2. Find the cost of painting the ceiling of a room 15 ft. by 18 ft., at 2s.
a square yard.
8. Find the slant height of a cone whose perpendicular height is 12 ft,,
and diameter of the base 18 ft.
L
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4. Compare the surfaces of a cube whose side is 1 ft. and of a sphere
whose diameter is 1 ft.

5. Find the volume of a square pyramid whose base is 3 ft. square, and
height 10 ft.

8. A map is drawn {5 of an inch to a mile: how far apart are two
places which on the map are 3} in. apart ?

H.
1. Find the area of the walls of a room 14 ft. by 16 ft.,, and 12 ft.
high.
2. A square field has a side of 100 yds.: how far is it from oue corner
to the opposite one ?

8. Find the lateral surface of a cone whose radius is 10} ft., and slant
height 14 ft.

4. Find the area of a circular cricket-ground whose diameter is 21 ch.

5. How many plots, each 11 yds. square, are there in 1% ac. of
ground ? '

6. How many times will a wheel whose radius is 12 ft. turn round in
travelling one mile ?

L

If a room is 15 ft. long, 14 ft. wide, and 10 ft, higb, find—

1. Area of the floor in square yards.

2. Length of the walls in feet.

8. Area of the walls in square yards.

g. Cost of covering the floor with carpet a yard wide, at 3s. 6d. a
yard.

8. Cost of colouring the walls and ceiling, at 4d. a square yard.

8. Cost of covering the floor with carpet 2 ft. 3 in. wide, at 4s. 6d. a
yard.

K.
1. Find the surface of a globe whose radius is 3} ft.

2, Find the volume of a sphere whose diameter is 1§ ft.

8. What is the surface of the segment of a sphere whose radius is 7 ft.,
and height 3 ft.?

4. What will it cost to gild the surface of & ball 7 in, in diameter at
1s. 6d. a square inch ? .

5. Find the volume of a spherical segment of a sphere whose radius
is 3% ft., and height 1% ft.

8. What must be the diameter of a sphere that its surface may be
616 sq. ft.?
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XLV.—ON THE RATIO OF THE AREA OF A REGULAR
POLYGON TO THE SQUARE ON ITS SIDE.

In Section X. (a), p. 24, the area of a polygon is found from
the side and the radius of the inscribed circle.
Without knowing the radius of the inscribed circle, the area

of the

lygon may be found from the length of one of the sides. .

1t has been shown (Sect. X. (b)) that the area of a hexagon
equals thé square of the length of one of its sides multiplied by
2:598. Also, in Sect. VIIL (e), that the area of an equilateral
square of the length of the side multiplied

triangle equals the
by -433.

It can be shown that the area of any polygon bears a
constant ratio to the square on one of its sides. '

The following table gives the ratio of the area of the
polygons named to the square on one of its sides :—

Ni t:li!él;:' of N:ame. ng;:;‘i::lf :l::‘sz'e.

3 | Equilateral trisngle | 433
4 uare 1
5 | Pentagon 272
6 Hexagon 25698
S| Howln 3634
8 Octagon 4-828

10 | Do 7604

11 | Undecagon 9366

12 | Duodecagon 11197

Thus, if the length of a side of any given polygon be given,

the area of the E)olygon

of the length o
in the above table.

can be found by multiplying the square
the side by the given ratio for

t polygon

Example.—Find the area ofa regular nonagon whose side is § in.
Area = 5 x 6182
=25 X 6182 = 154'5 8q. in. Ans.
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XLVL—ON THE RATIO OF THE RADIUS OF THE
INSCRIBED CIRCLE IN A POLYGON TO THE SIDE
OF THE POLYGON.

It has been shown in Section VIII. (¢) that the perpendicular
from the apex to the opposite side of an equilateral triangle

equals the length of the side multiplied by ";3* Therefore the

radius of the inscribed circle in a hexagon equals the length of
the side of the hexagon multiplied by ‘866.

It can be shown that the radius of the inscribed circle in a
polygon bears a constant ratio to the side of the polygon.

The following table shows the ratio of the inscribed circle
to the side of the polygon:—

3 Equilateral triangle +2887
4 Square g 5
5 Pentagon 6882
6 Hexagon -866
7 Heptagon 1-0383
8 Octagon 12071
9 Nonagon 1-3737
10 Decagon 1-5388
11 Undecagon 1-7028
12 Duodecagon 1-886

Thus if the length of the side of a polygon be given, the
area of the polygon can be found by Section X. (S, for the
radius of the inscribed circle will be the length of the side of
the polygon multiplied by the given ratio.

Example.—Find the area of a regular nonagon whose side is 5 in.
Length of radius of inscribed circle = 5 x 1:3737
§x9x%x5x 138737
Area of nonagon = —M—————

2
= 154'5 5q. in. Ans.
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XLVIL—-TABLE OF FORMULZ.

1. Right-angled triangle. % = /7% + b2,
5. Square. (DA =4 (i)A=5.
3. Rectangle. A =17 x b.

d, x d,
4. Rhombus. A = - : * where d, and d, are the diagonals.

5. Triangle. (i.) A = _b_g_h ; (iL) A = 4/5:8 — aog =bes — ¢, where
atb+ec,
2

2
6. Equilateral triangle. A = %Js.

7. Polygon. A = %, where n = number of sides, 8 = length

of side, and » = radius of the inscribed circle,
e

8. Regular hexagon. A = -33;/3-

9. Similar rectilineal figures. (i.) Corresponding sides are propor-
tional. (ii.) Areas are as the squares of corresponding sides.

10. Chords of circles. Chord of whole arc = 24/A(d — ), where
h = height of segment, and d = diameter of circle; chord of half the
arc = /' 2rh.

11, Circle. Circumference = 2xr; A = »r3.

12. Circular rings. A =x(R +r) (R —7), R and r being the ex-
ternal and internal diameters respectively,

13, Sectors. A = !2?, where I = length of arc, and r = radius of circle.

a, b, c are the three sides, and s =

14. Ellipse. A = xrry, where r and r, are the semi-diameters.

15. Cube. V = 83; 8 = 6s%; Diagonal = s4/8.

16. Parallelopiped. V = lbkh; S = 2(Ib + Ik + bh).

17. Prism. V = A X h, where A = area of base.

18. Cylinder. V = m?; lateral 8 = 2«7k ; total S = 2xr(h + 7).
19, Circular rings. V = $(C — ¢)* (D + d).

20 Flatring. V= ’—:(Df- ).
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. id. Lateral S = penm._; slant h; v = 8rea ofl:;ase x A

23, Cone. 'E:’teml 8 =xrh; total 8 = ar(r + %), where % = slant
height; V = =5 where & = perpendicular height.

23. l‘rults o;. pyramid. Lateral 8 = (perimeter of base + perimeter
of top) x lant ;) V= E(s‘ + #/S;8; + 8,), where h = perpendicular

2
height, and 8, and 8, areas of base and top respectively.

24. Frusta of cones, Lateral S = »i(R +’1;); total 8 = x{R? + »2
+ k(R + r)}, where A = slant height; V = '—3(7"‘ + 1,1y + 7;%), where
A = perpendicular height. ‘ .

2. Cask. V= %(3R2 + Br + 21%), where A = height, R = bung
radius, and » = end radius. )
96, Wedge. V =—‘2—" (¢ + 2b), whered = breadth of base, b = length
of base, e = edge, and & = height. . '

27, Prismoid. V = %(.4A + db + mn), where A = area of mean

section, db = area of base, mn = area of top.

28. Similar rectilineal solids. (i.) Volumes are as cubes of correspond-
ing sides. (ii.) Volumes of similar rectilineal solids are as the products
of their dimensions.

29. Sphere. S = 4xr2; V =i;——-

80. Zone. S =c¢ x h = 2xrh, where h = height of zone; V =

3"(;’?{3(7'12 + %) + A%}, wliere r, and r, = radii of two ends.

81. Spherical shell. V = %(D—z‘-- -d) (D* + Dd + d¥), where D and

d are diameters of the outer and inner circumferences of shell.

2 3,
83, Spherical sector. S = 2xrh; V = ';h

83. Spherical segment. S = 2xrh. V = (i) wh’(r - g )

’

2 .
@i.) ’—’é‘—(sn — 2h); (i) %"(w + h%), where b = radius of base.
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XLVIIL—METHODS OF SOLUTION.

In the solution of the more difficult problems in mensuration,
time and trouble may be saved by a judicious choice of methods.
The following suggestions are offered as an assistance to
students :—

I. Draw a figure, in order to get a clear grasp of the
meaning of the question.

II. Obtain the final result by using multiplying fractions
without any intermediate reasoning on paper. _

IIL. Do not commence the arithmetical calculation until
the final result has been obtained as a complex fraction.

1V. Do not insert the value of = until this final stage is
reached.

V. Use contracted methods in multiplication and division,
square aud cube root.

VI. Use logarithm tables whenever time may be saved in
doing so.

VII. Do not confuse radius and diameter of a circle, slant
height and height, volume and surface, etc.

VIIL. Employ the same unit of measurement throughout
the calculations.

IX. Prefer decimals to ordinary fractions, and short division
to long.

X.gDiscard all small quantities which do not affect the
required accuracy of your answer.

XI. Apply rough tests to see if your answer is approxi-
mately correct ; and see if the answer is sensible.

Some remarks and examples are added to illustrate these
rules.

1. In denoting lengths, the abbreviations, such as 2/, 3" (two
feet, three inches), will be found useful. When a portion of a
line is denoted, the length may be specified as follows :—

€ 5” >, 3 " —. 2"
—

II. The method of using multiplying fractions is illustrated
in this example:— - .

Find the contents of & mug in the shape of & frustum of a cone, 4 in.
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high, with the diameter of the top and base 8 in. and 5 in.: given that 1 gal.
of water weighs 10 lbs., and a cubic foot of water weighs 1000 ozs.
The volume of the mug = 1 x 2{.-(?)’ +23x%4 ,(é)'}
3 2L \2 2 2 2

8= 49 s
3 X 3 cub. in,

. . 3x22%x49x1000x8 int
henoe it contains 5 7 3" 1708 % 16 x 10 PoF°

P L = 1671 pinta
For, after cancelling,
8)7700
12)962-5
r’* 12)80-208
: 4)6°684
1671

DL .

In this example the volume is divided by 1728 to obtain
cubic feet, multiplied by 1000 to obtain ounces, divided by 16
to obtain pounds, divided by 10 to obtain gallons, multiplied by
8 to obtain pints.

IT1I. The obvious advantage of this method consists in the
increased chance of numbers cancelling; and it is also easy
to check the accuracy of the reasoning. The above example
serves as an illustration.

1V. The value inserted for = is necessarily approximate, and
there is increased accuracy when = is cancelled without sub-
stitution for its value. Of course, this can only be done ocoa-
sionally, but in all cases there is trouble saved by inserting
the value of = in the final stage.

Example.—Five hundred spherical bullets. } in. in diameter, are recast
a8 a cone whose height is equal to the diameter of the base: find the height
of thecone.

Let  equal the height of the cone. i

z x? 1\

wgom T =s0xdn(l)

o2t =125
z=>5in.
V. Contracted methods are explained in all good text-books
on arithmetic, but elaborate detaifs are not required in applying
these rules.

In multiplication, work from the left of the multiplier, and
move successive rows to the right. TUse your own judgment as
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to where contraction may begin, then cut off figures of the
multiplicand from the right, and keep the right-hand figures of
the rows in a straight line. Always carry forward the figure
derived from the digit last cut oft. 'The position of the
decimal point can be readily determined by considering what
are the approximate numbers which are being multiplied
together.

EBxample.—Maultiply 320-89756 by 35342 to three places of decimals,
82089756
35:342

96269268
16044878
962692
128359
6118

118411615

A margin of safety has been allowed, but the last figure
cannot be relied upon with certainty. The decimal point was
inserted by noticing that 300 was to be multiplied by 35,
roughly speaking; so that the answer should be rather above
10,500.

In division, the last figures of the divisor are cut off in
succession, taking care that sufficient acouracy is obtained.
The figure obtained from the last digit cut off must be brought
forward in tho various products of the divisor.

Example.—Divide 11841-1615 by 35:342 to four places of decimals.

85342)11341161°5 (820-89756
106026

78856

70684
817215
282736

84479
31808
2671
2474
197
178

R

21




154 LONGMANS’ SCHOOL MENSURATION.

Square root.—Consider the total number of digits required
in the answer, add one or two to this number, and divide by 2.
When the number of digits in the quotient is equal to this
result, the remaining digit can be obtained by ordinary con-
tracted division. In short, after the square root is half finished,
the work is completed- by divisivn. '

Example.—Find the square root of 1187:562058 to six places of decimals.
In this case eight figures are required in the quotient, and contracted
division can be used after proceeding to five figures in the quotient.

1187562058 (34 4610225

64) 287
256

684) 3156
2736

6886) 42020
41316

68921) 70458
68921

1537
1378

159
138
Cube root.—1t is best to use logarithms whenever tables are
at hand; otherwise Horner’s method is the best. A fairly

rapid and easy rule may be used in mensuration, which is
deduced from the algebraical formula—

(a 4 b)® = a® 4 3a®b + 8ab® 4- 1

After three or four figures have been obtained in the
quotient, the next two or three digits can be obtained by
ordinary division. A brief summary of the rule is given for
reference.

Divide the digits into groups of threes from the right and
left of the decimal point. Find the number whose cube is the
nearest below the first group, and place it in the quotient.
Cube and subtract from the first group, and bring down the
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recond group. Take the quantity in the quotient, multiply it
by 30, and put in a column on the left. Square the quantity
in the quotient, multiply it by 800, and place it in a middle
column. The latter is called the trial divisor; and if we
suppose that it goes four times, the 4 is written under the
first column, and added to the line just above. Multiply the
result by 4, and place it under the middle column; add, and again
multiply by 4, and place it under the main column. Subtract,
and repeat the whole process with the total quotient. As the
“trial divisor is reinforced from the left column, there is a
tendency to over-estimate the new figure added in thequotient.

Example,—Find the cube root of 31875-8972.

31875:8972 (313727
27 '
9 2700 1875
1 91
91 2791 2791
930 288300 1084897
'8 2799
933 291009 © . 878297
’ 211600
208769
7831
58922
2009
Aus. 31373

VI. The student who has done trigonometry is advised to
use logarithm tables freely, but any explanation would be
beyond the scope of this work. In many results, corrections
for differences will be found unnecessary, and five-figure
logarithms will be generally sufficient.

VII. More errors cccur from avoidable blunders in calcula-
tion than from any other cause. Care should be taken to note
whether the radius or diameter of a circle is given ; to dis-
tinguish between height and slant height in a cone ; to avoid
confusion between yards, feet, and inches; to be clear whether
a magnitude is measured in linear, square, or cubic measure.
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All areas and surfaces must be expressed in square, and all
volumes in cubic measure. The former involve the square of
the unit of length, and the latter the cube. Observation of the
dimensions of the units in various expressions form a useful
check on the accuracy of reasoning and result.

VIII. It is well to decide at the outset on the unit of
measurement which is most convenient under the circumstances,
and to employ it rigorously throughout.

IX. Short division and the use of decimals generally con-
duce to a saving of labour. Such answers as £581187% and
518433} gals. should be avoided. The. former should be given
as £581 4s. 4'8d., and the latter as 518623 gals.

X. Extreme acouracy in an example when an approximate
value of m, such as 232, has been taken, is an absurdity. This
value of = introduces an error of 1 in 2500. In all cases the
student should use his judgment as to whether he is exceeding
the degree of accuracy required. The use of recurring decimals
in an approximate answer should be avoided.

XI. If an answer is palpably absurd in its character, it is
best to glance quickly through the previous work to find the
mistake. If the error is not obvious, or if it is in an early
stage of the calculation, it is nearly always quicker to re-
commence the question entirely afresh, and, if possible, to vary
the method employed.

HARD EXERCISES.

1. A sheet of paper measures 18 in. by 8 in.; it is rolled into cylinders
with the length and breadth alternately forming the perimeter: compare
the volumes of the two cylinders thus formed.

2. What sized pipe should be used with a 6-in. pipe to take off the
flow from a 10-in. pipe ?

i. If a mile equals 1609°33 metres, find the number of square metres
in 74 ac.

© 4. The number of cubic feet in a cubical box is half the number of
square feet of surface : find the volume of the box.

5. Find the amount of copper required for a submarine cable, if the
length be 500 miles, and the thickness of each of the five strands of the
central wire be } in.

8. Water flows from an inch pipe with the velocity of 4 ft. a second :
find the discharge in gallons per hour. (1 cub. ft. of water weighs 1000 ozs. ;
1 gal. of water weighs 10 1bs.)



HARD EXERCISES. 157

7. A spherical lump ot metal 12 in. 1n diameter is cast into a coniéal
mould whose height is 9 in. : find the diameter of the base of the cone.

8. Divide a straight line 12 ft. long into two parés, so that the square
on one part equals the rectangle contained by the whole line and the
other part.

9. A stack is to be built on a rectangular base measuring 25 ft. by
18 ft., and it is to be 10 ft. to the eaves and 18 ft. to the top: find the
difference between the contents when the top ends in an edge from end to
end of the stack, and when it goes to a point.

10. A cylindrical vessel full of water is 10 in. high and 4 in. in diameter :
how high will it fill a cube with an 8-in. edge ? .

- 11, Three posts of equal height are placed in a row at intervals of a
mile along a straight canal: prove that the middle post is 8 in. higher
than the line joining the tops of the other posts. (Radius = 4000 miles.)

12. Find approximately the length of paper which can be rolled
tightly into a cylinder 6 in. in diameter, if the paper is 0004 in. thick.

18. A triangular area on a map has its sides 2'5, 1'7, 1'6 in.; the
scale is 6 in. to a mile: find the area of the triangular tract in acres.

14, A thin metal sheet, 2 ft. square, has equal squares cut from the
corners, and the flaps are bent up to form an open box; the four squares
are joined up and just form a lid : find the volume of the box.

18. A balloon is hemispherical above and conical below ; its diameter
is 18 ft. and its total height is 21 ft. : find its capacity in cubic feet.

16, Which are the cheaper—cylindrical candles 1 in. in diameter and
6 in. long at 40 a shilling, or candles of the same material £ in. in diameter
and 8 in. long at 3 a penny ?

17. A segment of a sphere is 2 in. high, and its base is 10 in. in
diameter : find its volume and total surface.

18, Find the volume of a gas-pipe 10 ft. long, with external and
internal radii of 1 in. and § in.

19, Two circles of radii 8 in. are described as in Euc. I. 1: find the
area included between them.

20. T'wo points on a line of metals on a railway are 20 yds. apart, and
a point on the rails midway between them is 10 in. from the line joining
them : find the radius of the curve, .

21. Find the error per cent. in taking = = ?“:nstead of 3-14159...,
(1) in finding the area of a circle, (2) in finding the volume of an
anchor ring. _

22. A cone, whose slant height is 1 ft. and diameter 8 in., has its
vertex fixed, and is then rolled round on a table : how many times will
the cone turn on its axis when it has made 100 revolutions round its
vertex ?

838, Find the height of a right cone in a sphetical shell of 5 in. radius,
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if the diameter of the base of the cone is 6 in., and the vertex touches the
top. Deduce the volume between the sphere and cone.

24, Find the volume of a regular tetrahedron * if each edge measures
2 in.

95. A cylindrical vase is 8 in. high and 4 in. in diameter, but a
conical projection rises from the base, and this is 2 in, bigh and 4 in. in
diamecter : find the cubical contents of the vase.

" 28. A pony is tethered by a rope to a corner of a triangular field, and
the adjacent sides are 160 yds. and 200 yds.; the sides include half a
right angle, and the rope is 40 yds. long: find the area of the field
ungrazed by the pony.

27. The weight of a cylindrical hollow lead pipe of external diameter
1 in. and of length 1 ft. was found to be just half that of a solid lead
cylinder of external diameter § in. and length 6 in.: find the internal
radius of the pipe. :

28. Find approximately the number of tons of chalk which would be
removed in making the Channel Tunnel, if the length were 23 miles and
the section semicircular and 6 ft. in radius. (Density of chalk = 2-4;
1 cub. ft. of water weighs 625 lbs.)

29, Find the length of the groove in a rifle, if it makes one complete
revolution in a barrel 2} ft. long and } in. in diameter.

80. A square court is 150 ft. square, and paths 6 ft. wide run round
the court and across the diagonals : find the cost of paving these paths at
4s. a square yard.

81. A river, 14 ft. deep, 182 yds. wide, flows at the rate of 3 miles an
hour: how many gallons of water pass any given point in a minute ?
How many tons go to the sea in a year? (1 cub. ft. = 6} gals.; 1 cub. ft.
weighs 1000 ozs.%

88, A 10-in. circular pipe empties a reservoir in four hours: if the
reservoir is 10 ft. deep and measures 50 ft. by 40 ft., find the velocity of
the water in feet per second. , :

83, A sector of a circle subtends 60° at the centre of a circle of 12 in.
radius : find the volume of the cone into which the paper can be rolled
when the extreme radii are joined.

84. A cylinder is 4 in. in diameter and stands on a circular base; it
is cut obliquely at the top, so that the greatest and least heights of the
section are 8 in, and 11 in.: find the volume and total surface. :

88. Find approximately the distance a man could see from the top of a
mfiunta.in 4000 ft. high, if the radius of the earth is assumed to be 4000
miles.

88. A sheet of paper in the shape of an equilateral triangle has its .

* A regular tetrahedron is a pyramid on a triangular hase, and each faca '
is an equilateral triangle.
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corners folded up so a8 to form a regular tetrahedron : if each side of the
paper was 12 in. long, find the volume of the tetrahedron.

87. Six equal circles of 1 in. diameter have their centres on a given
circle, and each of the six touches the two neighbouring circles: find the
area contained by their inner circumferences.

88. A sheet of metal in the shape of a regular hexagon, whose sides
are 8 in., has triangular notches cut at each corner, and the flaps are bent
up to form an open hexagonal box, whose sides are 1 in. high: find the
amount of metal wasted, and the volume of the box.

89. Find the amount of silk required to make a parachute in the form
of a segment of a sphere, if the radius of the base is 12 ft. and the height

40. Find the radius of a sphere whose volume is 1 cub. ft.

41. Find the velocity at which a person is travelling in latitude 45°
owing to the earth’s rotation. (The radius of the earth may be assumed
to be 4000 miles.)

42, Five hundred spherical bullets, } in. in diameter, are cast into a
cylinder a foot high: find the radius of the cylinder; find also the
dimensions of the cone into which the bullets could be recast if the
height equals the diameter of the base.

48. Find the edge of the greatest cube which can be placed with its
sides vertical under a cone 12 in. high and 16 in. in diameter.

44, A frustum of a cone is 6 in. high, and has the diameter of the
ends 4 in. and 12 in.; it is placed on a table, and rolls without slipping
mif;ll it returns to its former position : find the area over which it bas
rolled.

45. Find the volume of the greatest sphere which can be placed under
a pyramid on a square base with every edge 1 ft. long.

46. Three hemispherical soap-bubbles join into one: find its diameter,
if the original bubbles were 2 in., 3 in., and 4 in. in diameter.

47, Find the cosine of the angle, and the angle between two faces of a
regular tetrahedron.

48. A rectangular pathway measures 787-4 metres by 1:526 metre,
and costs 1} franc per sq. metre: find the length of another pathway
in yards which costs the same as the above, and whose breadth is 6 ft.,
and which is made at the rate of 1s 13d. per sq. yd. (1 metre = 39-37
in.; £1 = 25 francs.)

49. The corners of a block of roap in the shape of a cube whose
edges are 3 in. are cut off so that the edges are cut 1 in. from every
corner : find the volume of the remainder.

50. A circular earthwork has a semicircular cross-section,.and the
internal and external circumferences are 130 ft. and 180 ft.: find the
number of cubic feet of earth. What would be the depth of the trench

from which the earth was thrown up, if it were 5 ft. wideand of rectangular
cross-section, and just outside the mound ?
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51 Find the whole surface and volume of a solid figure formed by
cutting from a sphere two segments by parallel planes 4 in. from the
centre. (The diameter of the sphere is 10 in.)

52. Prove that the following figure is a frustum of a wedge and not
of a pyramid, and find its volume without assuming the formula for such
a frustum : rectangular base, 40 ft. by 30 ft.; uniform height, 12 ft.;
rectangular top, 30 ft. by 20 ft.

83. The difference between the area of a square and its inscribed
circle is 21'35 8q. in. : find the side of the square.

‘54. How many square miles of ocean are visible to a man 20 ft. above
its surface, if the radius of the earth be 4000 miles ?

55. At what distance will & line of white cliff 40 ft. high be just
visible to a man 10 ft. above the sea ?

86, A cylindrical block of wood 1 ft. in diameter and 10 in. high has
its ends hollowed in the shapes of segments of spheres to a depth of 2 in.
at each end: find the volume of the block.

87. A convex lens is 2 in. thick and each surface has a radius of 13 in. ;
the diameter of the lens is 10 in.: find its volume and surface.

68, As large ellipses as possible are stamped from rectangular sheets
of tin measuring 2 ft. by 3 ft.: find the percentage of waste, if the
principal axes of the ellipse are parallel to the sides of the rectangle.

59. Find the number of square miles between the 30th and 45th
parallels of latitude, assuming the earth’s radius to be 4000 miles.

60. Find the radius of a hemisphere whose volume is 9 cub. in.

6l. A regular tetrahedron has an edge of 4 in. length: find the
volumes of the inscribed and circumscribed spheres.

62. The distance of the sun is about 95,000,000 miles, and the earth
moves round the sun in an ellipse: if the earth moved round in a circle,
with the sun at the centre, what would be our velocity in miles a second ?

88. Three conical extinguishers are placed on a table with their bases
touching, and a larger cone is placed over them: if the latter cone just
fits, find the height and base of the cone. (The small cones are 3 in. high
and 1 in. in diameter.)

84. A hollow cone is 12 in. high, and its base is 16 in. in diameter;
a block on a square base, and twice as tall as it is wide, i8 just able to
stand inside the cone: find the base of the block.

65. A ship running west in latitude 60° finds that the time has
changed 50 minutes: find the number of miles the ship has travelled.

88. A cylindrical vat is to be made having its height twice its
diameter, and it is to contain as much as twenty 36-gal. casks: find
the radius, given that 1 gal. of water weighs 10 lbs,, and that 1 cub. ft. of
water weighs 1000 ozs.
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SANDHURST QUESTIONS.
Printed by permission of the Controller of Her Majesty’s Stationery Office.

1. Dec. 1883.—Six iron tubes, the cross-section of any one of them
being a square, are joined together so as to form a hexagonal ring, which
can %e filled with water: if the area of the cross-section be 16 sq. in.,
and the distance between any two internal opposite corners of the hexagon
be 1 yd., find the whole surface of the tubing and its contents, neglecting
the tl};ickness of the sheet iron.

2. Dec. 1883.—A cylindrical tower 24 ft. in diameter and 30 ft. high'
is capped with a hemispherical dome; the top of the dome is cut off,
and over the orifice formed is built a cylindrical lantern 8 ft. in diameter
and 10 ft. high, closed at the top by a plane surface : find the whole
exterior surface of the building.

8. Dec. 1890.—In the pentagonal field ABCDE, the length of AC is
50 yds., and the perpendiculars from B, D, and E upon AC are 10, 20, and
15 yds., the distances from A to the feet of the perpeudicular from D aud
E being 40 and 10 yds. : find the area. :

4. Dec. 1890.—A sphere of 1 fi. radius rests on a table: find the
volume of the right hollow cone which can just cover it, the section of the'
cone through the axis being an equilateral triangle. -

8. Dec. 1892,—The minute hand of a clock is 10 in. long: find the
avea on the clock face which it describes between 9 a.m. and 9.35 a.m.

8. Dec. 1892.—F'rom a cubic foot of lead is cut out a pyramid whose
base is one face of the cube, aud whose vertex lies in the face opposite the
base: if the remainder of the lead is melted and cast into a sphere, find
its radius,

7. Dec. 1888.—The area of an equilateral triangle is 17320°5 sq. ft. ;
about each angular point, as centre, a circle is described with radius
equal to half the length of a side of the triangle: find the area of the
space included between the three circles. (x = 3-1416; /3 = 1-73205.)

8. Dec. 1888.—A hollow cone, the length of whose slant height is
twice the radius of the base, is held with its vertex vertically downwards,
and completely filled with water; a sphere of greater density than watei
is gradually immersed, and it is found that, when it rests upon the sides
of the interior of the cone, it is jost submerged : find the amount of water
disglaced by the sphere, and also the amount contained between the sphere
and the vertex of the cone. (Consider radius of the base of cone as
173205 in.) . '

9. Dec. 1889.—Find the expense of paving a circular court 80 ft. in
diameter, at 3s. 4d. per sq. ft., leaving in the centre a space for a fountain,
in the shape of a hexagon, each side of which is 1 yd.

10. June, 1890.—Prove that the area of a trapezoid is one-half the
product of the sum of the two parallel sides by the perpendicular distance

o - »



162 LONGMANS’ SCHOOL MENSURATION.

between them. The area of a trageznidal field is 4} ac.; the perpendicular
distance between the parallel sides is 120 yds.; and one of the parallel
sides is 10 ch.: find the other.

11, June, 1890,—Express the volume of a cone in terms of the radius
of the base and the vertical height. If the diameters of the circular ends
of a frustum of a cone be 4 in. and 6 in., and the volume of the frustum
be 209 cub. in., find the height of the cone. (» = 3}.)

18, June, 1891.—105 halfpenny pieces lying on a flat surface with
their edges in contact are just contained by a frame iu the form of an
equilateral triangle : the diameter of a halfpenny being 1 in., show that
the side of the triangle is (13 + 4/3) in., and calculate its area
approximately. :

18, June, 1891.—Gold is 1925 times as heavy as water, and 1 cub. ft.
of water weighs 997 ozs.avd. : find (approximately) how many square feet
1 cub. in. of gold will cover in the form of gold leaf, given that 1 gr.
of gold will cover 56 sq. in.

14, Dec. 1891.—Find the area of a triangle, whose sides are 136, 15,
and 15'4 in. Also find (correct to the thousandth part of an inch) the
length of one of the equal sides of an isosceles triangle, on & base of 14 in.,
having the same area. :

15. Dec. 1891.—A circular room, surrounded by a hemispherical
vaulted roof, contains 5236 cub, ft. of air,and the internal diameter of the
building is equal to the height of the crown of the vault above the ficor :
find the height, assuming 31416 to be the value of .

16. July, 1889.—Assuming that » = 31416, find the perimeter and
the radius of a circle, the area of which is 5:309304 sq. ft.

17, July, 1889.—A solid sphere fits closely into the inside of a closed
cylindrical box, the height of which is ecglal to the diameter of the
cylinder : having given the radius of the sphere, write down the
expressions for the volume of the sphere, the surface of the sphere, and
the volume of the cmpty space between the sphere and the cylinder. If
the volume of this empty space is 134'0416 cub. in., what is the radius
of the sphere ? . . .

18. July, 1892.—Two pipes, one of lead and the other of tin, are
respectively 49 and 61'6 in. long; they both have the same internal
diameter, 1 in.; and the external diameter of the lead pipe is 1'2 in.:
if lead is eleven times and tin seven times as heavy as water, what must
be the external diameter of the tin pipe, that both pipes may have the
same weight ? : :

19. July, 1892.— Assuming a drop of water to be spherical, and 4 in.
in diameter, to what depth will 500 drops fill a conical wine-glass, the
cone of which has a height equal to the diameter of its rim ? -

20. Dec. 1889.—A right prism on a triangular base, each of whose
gides is 21 in., is such that a sphere, described within it, touches its five
faces : find the volume of the sphere, and of the space between it and the
surface of the prism. (» = %2; and 4/3 = 1:732.)
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1, July, 1883.—A flagstaff 100 ft. Ligh stands in the centre of an
equilateral triangle, which is horizontal ; from the top of the flagstaff
each side of the triangle subtends an angle of 60°: find a side of the
triangle.

8. July, 1888.—The extremity of the shadow of a flagstaff 6 ft. high,
standing on the top of a regular pyramid on a square base, just reaches a
side of the base, and is distant 56 ft.and 8 ft. from the extremities of that
side: if the height of the pyramid be 34 ft., find the sun’s altitude.

8, Nov. 1888.—Determine the diameter of a cylindrical gasholder to
contain 10,000,000 cub. ft. of gas, supposing the height to be made equal
to the diameter; and determine in tons the weight of iron plate, weigh-
ing 2} 1bs. per square foot, required in the construction of the gasholder,
supposing it open at the bottom and closed by a flat top. :

4. Nov. 1888.— Determine the number of cubic yards in a bank of
earth on a horizontal retangular base 60 ft. long and 20 ft. broad, the four
sides of the bank sloping up to a ridge at an angle of 40° to the horizon.

5. Nov. 1884.—A solid cube of lead weighs 12644 lbs.; 998 ozs. of
water occupy 1 cub. ft., and 1 cub. ft. of lead is 11:352 times as heavy as
1 cub. ft. of water: find by logarithms the length of a side of the cube
of lead to six places of decimals of a foot.

8. June, 1891.—A railway tunnel consists of a hollow semi-cylindrical
top, terminated below in a trough with slantiug sides and flat base : the
radius of the former being 12 ft., the base and height of the latter being
20 ft. and 18 ft. respectively, and the length of the tunnel 1200 yds., find
the cost of facing the sides and roof with brick at 1s. 6d. per square foot.

7. June, 1891.—Within a hollow sphere of 1 ft. radius is placed a
ri'ght prism, the ends of which are equilateral triangles: the side of one
of these being 1 ft. in length, and the surface of the sphere being in
contact with all the six angular points of the prism, find, in cubic inches,
the volume of the latter.

8. Nov. 1892.—Find the area of the surface (including the ends) of a
hexagonal prism, whose height is 8 ft., the base being a regular hexagon
with a side of length 3 ft.

9. Nov. 1892.—The radii of the internal and external surfaces of a
hollow spherical shell of metal are 3 ft. and 5 ft. respectively : if it be
melted down, and the material formed into a cube, find an approximate
value for the length of an edge of the cube.

10, Dec. 1891.—A piece of wood is in the form of a regular pyramid
on a square base; the side of the base is 6 in., and the perpeudicular
distance of the vertex from the base is 8 in.: find the number of cubic
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inches in the volume of the wood, and the nutnber of square inches in its
surface.

11, Dec. 1891.—A cylindrical boiler is hemispherical at its two ends ;
its radius is 2 ft., and its total length is 8 ft.: assuming that 1 cub, ft.
of water weighs 62'5 Ibs., ind the number of tons of water which will
fill the boiler. (Take » = 3-14.)

12. July, 1892.—The height of a conical tent is 7% ft., and it is to
enc]os;:z §00 8q. yds. of ground: find how much canvas will be required.
(v = 32 .

13, July, 1892.—The silk covering of an umbrella forms a portion of
a sphere of 3} ft. radius, the area of the silk being 143 sq, ft.: find the
area of the ground sheltered from vertical rain when the stick is held
upright. (v = 32.)

14, June, 1890.—How many square yards of canvas are required to
make a conical tent 9 ft. high, such that a man of 6 ft. could stand
anywhere inside, within a radius of 2 ft. from the centre without stooping ?

15, June, 1890.—A pint standard is in the form of a frustum of a
circular cone; its height is 4} in., and the diameter of its base is 3} in.,
both measurements taken inside: find the diameter of the top, being given
tl(l)t&a gallon of water weighs 10 1bs.,, and 1 cub. ft. of water weighs
1000 ozs.



ANSWERS.

EXERCISE L
1, 82195yds. 2. 476 miles 5 fur. 37 po. 3} yds. 8. 77880 ft.
4, 350 ch, 8. 9 miles 4 fur. 20 po. 6. 341 yds.
7. 1070 ch. 8. 110 miles 3 fur. 33 po. 2 yds. 2 ft. 10 in.
9. 4730 yds.  10. 330 ft. 11. 3% miles. 12, 415 ch.
EXERCISE II
1. 86938} sq. yds. 2. 187 ac. 0 ro. 9 po. 18§ sq. yds.
8. 163350 sq. yds. 4. 7 ac. 2 ro. 29°75 po.
5. 675000 sq. lks. 6. 54 ac. 3 ro. 24 po.
7. 1575000 sq. lks. 8. 53 ac. 3 ro. 25% po.
9. 123420 sq. yds. 10, 44 sq. yds. 7 sq. ft. 97 sq. in.
11, 144443% sq. yds. 12. 40 ac. 2 ro. 0"8 po.
18. 70 ac. 3 ro. 32 po. 14, 5 ac.
15. 10. 16, 200 sq. yds.
EXERCISE IIL (A).
1. 27 sq. ft. 17 =q. in. 2. 26 sq. ft. 142 sq. in.
8. 16 sq. ft. 81 sq. in. 4. 273 sq. ft. 63 sq. in.
8. 396 sq. ft. 60 sq. in. 6. 28 sq. ft. 60 sq. in.
7. 238 sq. ft. 90 sq. in. 8, 31 sq. It. 87 sq. in.

9. 21 sq. yds. 5 sq. ft. 36 sq. in. 10. 70 sq. yds. 7 q. ft. 76 sq. in.
11. 144 sq. yds. 3 sq. ft. 90 sq. in. 12. 35 sq. yds. 5 sq. ft. 48 sq. in.

EXERCISE IIL (B).

1. 3 ft. 10 in. 2. 4ft. 6 in. 8. 15 ft. 6 in,
4. 269} yds. 8. 70 yds. 6. 352 yds.
7. 364% yds. 8. 6 ch. 25 lks. "9, 18 yds. 2 ft.
10. 10 yds. 1 £t 11, 233 ft. 12. 20 in.
EXERCISE IV.
1. 4 ft. 322 in. 2. 8545 ft. 8. 2 ch. 73-8 lks.
4, 22:456 yds. 8. 5 ft. 8 in. 6. 5°16 fur.
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7. 333 ft. 8, 2 ch. 965 lks. 9. 29-16 in.
10. 6002 miles. 11. 205 yds. 13. 20 ft.
13, 90 ft. 14. 50 ft. 15, 9-949 ft.
16. 20% ft.

EXERCISE V.

1, 42} sq. yds. 2. 169 sq. yds. 8. 9153 sq. yds.
4, 7654 sq. yds. 8. 113} sq. yds. 6. 27%% sq. yds.

7. 160 sq. yds. 4 sq. ft. 8. 205sq.yds.4sq ft.

9. 11 sq. yds. 1 sq. ft.  10. 5 ac. 2 ro. 38 po. 7% yds. 7 ft.

11. 2 ac. 2 ro. 12, 3 ac. O ro. 4 po. 13. 15 ac. O ro. 1 po.
14. 33 ac. 2 ro. 3343 po. 15. 105 ac. 2 ro. 20 po.
16. 69 ac. 1 ro. 29°16 po. 17. 93 yds. 18. 1739 yds.
19, 2294 yds near}iv& 20. 8-004 ft. 21, 37812 5 8q. yds.
22.1548005qy 23. 5 sq. yds. 2 sq. ft. 76 sq. in. -
24. 5 ac 26, 3:742 in. 26. 551 yds.
27. 220 3ds 28, 1205 yds. ncarly. 29. 28} yds
80. 99 yds. 81 £5 6s. 2d. 82. Tac.2ro. 13'8 po.
83. 10'488 ft. 84. 23 ac. 2 ro. 34 56
85. 220 yds. 86. 57 yds. 2 3s. 9d.
88. £27 10s. 89. 1071°6 lks, 40. 4792 yds.
41, 3 ft. and 14 ft. ’

EXERCISE VI.

1. 18 sq. yds. 8 sq. ft. 2 127sq yds. 4 sq. ft.

8. 40 «q. yds. 8 sq. it. 4 sq. yds. &

6. 36 sq. yds. 7 sq. ft. 72 sq. in. 0.618q yds. 1 sg

7. 5 ac. 2 ro. 346368 po. 8. 13ac. 1 ro. 22"'2 po.

9. 9 ac. 1 ro. 14 po. 10. 44 yds. 11. 1100 yds.
12. 1 ch. 64 lks. |18, 46 ft 10in.  14. 53 ft. 6 in.
15. 56 ft. : 16. 15 sq. yds. 1 sq. ft. 24 sq. in.
17. 19 sq. yds. 7 sq. ft. 18 8q. in. 18, 21 sq. yds. 6 sq. ft.95sq.in
19. 493q yds. 3 sq. ft.132sq.in 20. 62 sq. yds. 3 sq. ft. 108 &q. in
21. 71 sq. yds. 5 sq. ft 22. 200 yds. 23, 567 lks.
24, Lenctb 24 ft.; breadtb 18 ft.; height, 12 ft. 25. 1s.
28.~£95 £22 155, 27. £5 5s. 28. 17-8885 ft.
29, 1 3173 ds.  80. £16 13s. 10d 81. 192 slabs.  88. 20 ft.
88. (i) 6311; 8q. yds. ; (ii.) 20 ; (iii) £6 2s. 11d.

84, 47-319 yds., and :11:10 1‘(’5 ) ét ? 85% s% fgs 50 sq‘.isin.

i) 21 y s , ii.) 67& sq. yds.; (iii. .3 (iv.
£219s(%d {:)sa g ) o (i ﬁyd @)
87. (i.) 69 sq.ys., ii.) 2 sq. yds.; (iii.) 17 8.; (iv.
£1 s(Oﬁd (v.) £2 16s. 0§d. ; ((\)’%. £1 10s. 6%d. L @)

EXERCISE VIL
1 1ac. 9. 364 sq. yds. 3. 10 ft.
4. 1sq.ft. 434 sq. in. &, 70yds. 6. 3} ac.
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7. 15 yds. 2 ft. 8. 4988 sq. ft. 9. 124 sq. ft. 8 8q. in.
10. 31 ac. O ro. 25°3 po. 11. £3 14s. 1d. 12. 62.
18. 1 s«} ft. 116°96 sq. in. 14, 4056 sq. ft.
15. 33 ft. 16. 40 ft. 17. 1492 yds.
18. 173 yds. 1 ft.
EXERCISE VIIL
1. 2125 sq. ft. 2. 8 ac. 2 ro. 25°568 po.
8. 59 sq. ft. 4 =q. in. 4. 40 ac. 3 ro. 21-344 po.
5. 25 yds. 6. 31ch. 78 lks. 7. 89-3.
8. 991-483, 9. 515212-33. 10. 4/2.
11, £5 11s. 63d. 12, 1428. 18. 40-08.
14, 3507 sq. yds. 15. 400 lks. 16. £8 3s.
17. £3 5s. 63d. 18, 561168 sq. ft. - 10. £1 4s. 23d.
20, 46:153 ft. 21, 22'ch. 22, £7 18s. 7d.
28. £843 7s. 84. 24, 66143 ch.
25. 1 ac. 3 ro. 32 po. 2 sq. yds. 6 sq. ft. 26. As /3 : 2
EXERCISE IX.
1L 41 . yds. 2. 18% in. 8. 240 &q. in,
4. lﬁ :3 yds. 5. 381'% 30 po. 18 yds. § ft.
6. 1 ro. 11 po. 25 yds. 37 sq. ft. 23 po.ggsq. ft.
8. £121. 9. 2 ac. 3 ro. 281¥ . £2 7s. 3d.
11. 7 ac. 2 ro. 134 po. £é4 6s. 7

18. 27 ac. 1 ro. "4 16 gg 14. 126 ac.
7 8q. ft.

15. 3 ac. 11 po 16. 125 ft.  17. 625 ft.
18. Gac.3ro 37po 10yds. 6 ft. 108 sq. in.
19. 2 ac. 2 ro. 36 po. 20. 98 sq. yds. 33 sq. ft.
EXERCISE X.
1. 210438 sq. in. 2. 1635 5q. yds. 7°9 sq. ft.
8. 275 sq. ft. 90 sq. in. 4. 2338272 sq, ft.
5. £97 19s. 44d. 8. 24/Z sq. ft. 7. 124248 ft.
8. 10-392 ft. 8. As 225 : 233, 10. 6495 sq. ft.
11, 5177 ft. 12, 1299 sq. ft. 18, &°66 fi.
EXERCISE XL
1. 1 ac. 1 ro. 32 po. 2. 1 ac. 1 ro. 144 po.
3. 3 ac. 1ro. 4 po. 4. 3 ro.
5. 3 ac. 292 po. 6. 15 ac. 0 ro. 26 po.
7. 1ro. 97po 8. 2 ro. 269 po.
9. 3 ac. 1ro.146po 10. 4 ac. 3 ro. 24} po.
11, 1 ac. 1 ro. 32 po. 12. 1 ac. 1 ro. 18 po.
13. 1 ac. 18641)0. 14. 3 ac. 2 ro. 12 po.
18. 2 ac. 1 ro. 22 po. 16. 13 ft. and 546 sq. ft.

17. 126 ac. 18. 17 ac. 3} ro.
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EXERCISE XII.

1. 84, 80, 74. 'Y DE AC xw_
3. As9:4. V17
4. 98663 ft. 5. 683 sq

6. 94/6,94/3. : 7 As 1236,

8. As1: 660. 9. 11-832, 17-748.
10. 115 ft. 11 ngJé.

13. As1: 11200. 13. 20065 sq. ft.

14 As3:24/3. 15. 9216 sq. in.

XIV.—MISCELLANEOUS EXERCISES.

I
1 1ac. 1106 po. loasq.)ds 2. 64 ac.
8. 149 yds. 8 in.; £33 11s. 6d. 4 330
5. 3108 yds. 6. 2 ac. 2 ro. 30°6 po.
1.
1. 3964 ft. 8. 71t 8. 78 yds.; 58 yds.
4. £510s. 5. 1460. 8. 14 ft.
IIL.
1. 31'5; 952-56. 2. 60% yds. 8. £36 11s. 64.
4. £24 10s. 5. 15 ac. 6. 4 ac. 3 ro. 16-24 po.
IV,
1. 828 yds. 2. 10-39 ins, 8. £196 10s.
4. 77 yds 2 ft. 11 in. 5. 4861-02. 6. £23 4s.
V.
1. 15556 ft. 2. £10 10s. 8. 5445 sq. In.
4 12} ch.; 8§ ch. 5. £15s 33d. 6. £511s. 63d.
VL
. 98 yds. 2. 5 ft. 21 in. 8. 10 ac. 3 ro. 9po28'05yds.
4 66§ ft.; 136 ft.; 197§ ft. 5. £176 17s. 6-28d. . 102°48 miles,
ViL
1, £8 6s. 6d. 2. 498°8 sq. ft. As 1:1214.
4. 20 ac. 3ro. 32 po. 2 yds. 5. 19s. 2d. . 1477 sq. ft.
VIIL
1. } in. to the mile. 2. £12 19s. 9y%d. 3. 46188 ft.

4 As2: AT 6. 242 yds. 6. 3 ac. 30} po.
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IX.

1. 595 sq. ft. 2. £2 15s. 8. 1054 ft.; 625 ft.
4. 1039-23 sq. ft. 5. 40 ft. ‘ 6. 3 ac. 0 ro. 12 po.
X.

1. 2144 sq. ft. 2. 9ft. 8. 1152 sq. yds.; £19 4s.

4. 2364 yds. 5. 5(#/2 +1). 8 1ac. 1864 po.
EXERCISE XIII.
1L 34/2fe. 2 538ft. 3. 26 ft. nearly 4. 1155 fr.
5. 3436 ft. 6. 3/2 1. 7. 72 8q. yds. 8. 85 ft.
9. 20 sq. ft.
EXERCISE XIV.
1. 823 m. 2. 507 ft. 3. 901 in. 4. 3181 ft.
5. 5 in. 6 9ft. 7. 2 ft., 18 ft. 8. 29 fr.
9. 22628 in. 10, 84/7ft. 11 108 in. 12. 1012 in.
18. 80. 14. 1501 ft. 15, 298%,.
EXERCISE XV.
1. 473 ft. ' 2. 5 ft. 6 ic. 3. 17 yds, 10% in.
4. 14 ch, 92 lks 5. 125644 in. 6. 21 ft. 56 in.
7. 282744 yds. 8. 848232t 9. 35yds.  10. 280 yda.
11 153¢ ft. 12. *222 in, 18. 3183 ft.  14. 10028 yds.
15. 11459 ft. 16. 1-27 in. 17. 43 ft. 18. 480.

19, 2 ft. 4°9in. 20, As4:x 21. Asx:3. 22 3l'50".
23, 47 min. 24, 15713 ft.  25. 210.  26. As 86 : 85 nearly.

EXERCISE XVI

1. 3581° 2. 114° 35’ 30" 3. 4° 46" 104",

4. (i) 22°55' 6" (i) 57° 17 45";  (iii.) 538° 11' 507;
(iv.) 128° 54’ 56:25". 5. (i.)-:; (i) ?”; @ii.) %f.

6. 38% in. 7. 26 ft. 8. 32 ft. 9. 17°75 in.
10. 20°, 11. 8 after 3, and 24,8, after 3. 12. 28° 38’ 52"
18. As3: 2. 14. 6°117 in. 15 21} ft. 16, 76° 218",
17. 10} in. 18. 4 in. 19, 126°49.  20. 1'8849.

21 71t 29, 28° 38' 52:5". 93, 1673° 2. 43 in.
EXERCISE XVIL

1. 5544 sq. ft. 2. 125 ac. 2 ro. 34 po. 8% sq. yds.

8. 314284 sq. ft. 4. 201143 sq. ft. 5.1?544(!598 sq. in.

6. 9 ac. 2ro. 39°76 po. 7. 29 ac. 20 po. 8. 4476375 sq. yds.

9. 19635 sq. ft. 10. 70 ac. 3 ro. 35 po. 14} sq. yds. 8:46 sq. ft.
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11. 125 ac. 2 ro. 26 po. 6} sq. yds. 6:84 sq. ft. 12. 28-2744 sq. in.

18. 5857 sq. ft. 14. 52316 ft. 15. 5657 ft.
16. £141 7s. 5:28d. 7. 1849392 sq. ft. 18. As2: Wx.
19. 1145+ 20. 45135 ch. 21. 12 po.
28. 621 yds. 28. 8 ac. 2 ro. 22 po. 24. 530°73 sq. yds.
25. 4:9:25. 26. 126. 27. £25 4s. 84.
28. As 49 : 81 29, As1:2. 82, 51F yds.
sL g; 9—% 32. 309 sq. ft. 33. 61d. nearly.
84, 2242 ft. 85. £157 4s. 2d.
- EXERCISE XVIIL
1. 100 sq. ft. 2. 1254sq. ft. 3. 88802 sq. fi.
4. 157} sq. it. 5. 16% ft. 8. T4 ft. 7. 15:41 ft.
)
8. 27'53 sq. in. 9. jé:, or 13-56 ft. nearly.
L3
10. 36} sq. ft.; 12:04 ft. 11. 91° 40’ 22:8”.
12, 9254 &q. ft. 18. 252 sq. ft. 14, 2082 sq. It.
15, 13 ft.
EXERCISE XIX.
1. 33+48 sq. ft. 2. 509.38 sq. ft. 3. 4394 sq. ft.
4. 119123 sq. in. 5. 194} sq. ft. 6. 10020 sq. in.
7. 20-382 sq. ft. ; 686'478 sq. ft. 8. 2805 sq. ft.
9, 52448 sq. ft. 10. 2-7 8q. in. 11 884,
12. 368 sq. in. 18, 9% sq. ft. 14. £8 sq. ch.
EXERCISE XX.
1. 8011 sq. ft. 2. 660 sq. ft. 8. 37 sq. yds. 63 sq. ft.
4. £4 0s. 84. 5. 24 ft. 6. 11 sq. in. 4
7. 43234 sq. ft. 8. 235714 sq. in. 9. 112°30".
10. As5:4. 11. As14:11, 12, 74 ft.

XXV.—MISCELLANEOUS EXERCISES.

I.
1. £162 9s. 6d. 2. 859-03 sq. ft. 8. 5in.
4. 6 ac. 3 ro. 22 po. 2} sq. yds. 6 sq. ft. 5. 21044 sq. in.
6. 243 in.
1I.
1. 353 ft. 2. 1813 in. 3. 3264 sq. ft.
4. 158 sq. ft. 5. 64 ft. & £1 14s. 1}3d.
II1.
1. BD = 1040; DA = 765. 2. 68 sq. yds. 4 sq. ft.

3. 44 sq. ft. 4. £310s. 5. 72 sq. ft. 6. 2 ro. 54 po.
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Iv.
1. 3 yds. nearly. 2. 194} sq. ft.
8. 2 ac. 37 po. 6 sq. ft. 108 sq. in. 4. 264/3 ft.
5. 51416 sq. in. 6. £11 16s. 73d.
V.
. 454 8q. in. nearly. 2. 96 in. 8. 3393 sq. in.
4. £1210 12s. 6¢d. 5. 820 in. 6. 71'6 sq. ft.
VI
1, 1135 sq. in.; 2875 &q. in. 2. 4 ft. 53 in.; 13 ft. og in.
8. 296°04 sq. ft. 4. 1} sq. ft. 5. 5 ft. nearly. 6. 3 sq. ft.
VIL )
1. 15 in. nearly. 2, 5886 ft. 8. 42 ft.
4 lac.3ro. 32 po. 28q.yds. 6sq.ft. 5 '8lsq.ft. 6. 61237 ft
VIIL
1. 15 in. 2, 0°03 sq. in. 8. As 57:50.
4. £43 3s. 4d. 5. 11-78 yds. 6. £5 15s.
IX.
1, 7956 eq. ft; 51 ft. 2 54°9376 sq. ft. 8. As14:11,
4. £4 15s. 81d. 5. 1'18 sq. ft. 6. 32% in.
X.
1. 97-2. 8. 14 in. 8. 15394.
4. 3 ro. 1'78 po. 8. 2'16 ac.; 384 ac. 6. 10} in.; 8} in.
. EXERCISE XXI
1, 18 cub. ft. 1664 cub. in. 2. 658 cub. ft. 936 cub. in.
8. 1049760 cub. in. 4, 75 cub. yds. 800 cub, in.
§ 415911 cub. in. 6. 1 ton 8 cwt. 2 grs. 8 lbs.
7. 62109°776 cub. in. 8, 5785 ozs. 9. 3'9 cub. in.
10. 200 cub. ft. 200 cub. in. 11. 32 cub. ft. 752 cub. in.
sq ft. 13, 42 sq. ft. 14. 52 cub. in.
15 26 16. 224 gals. 17. 104% 1bs.

18, 34’6592 cub. in. 19, 6 cwt. 78 lbs. 20, 9} gals.
21, -438375 cub. in. 22. 160 cub. ft. 770 cub. in. 28. 64 cubes,
24. 4 ft. 33 in.

nncxsnxm

1. 78 cub. ft. 810 cub. in. 2. 3605z cub. ft.
8. 1124 cub. ft« 228 cub. in. 4. 20 cub. ft. 1440 cub. in.
5. 4 cwt. 3qrs. 4} lbs. 6. 479in. % 89 cwt. 8, 934 gals.
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9. 6 tons nearly. 10. 4 cwt. 1 gr. 24 lbs. 11. 83 ft. 5 in.
12. 13 tons 17 cwt. 3 gr. nearly. 18. 3fg in.
4. 584«/10 1bs. 16. 124/3 €. 16, 54/3ft. 17, 12435 sq. ft.
18. ¥ sq. ft. 19. 2 ft. 20. 60 ft. 21. 27 in.
22, 189 in. 28. 11:514 cub. ft. 24, £4 5s. 6§d. 25. 164 f1.

26.
80.

4.

10.
13.
15.
18.

1
3.
7
10.
13.

1
4.
7.
10.
13.
15.

1
4.
7.
10.
18.
16.
19,
22.

28492 gals, 7. 1354/3 1. 28 17°32ft.  29. 104/3 f.
2617 gals.

EXERCISE XXIIL

480 cub. ft. 2. 100 cub. ft. 8. 1} cub. ft. 4. § cub. ft.
. {5 cub. ft. 6. 7} cub. fu. 7. 9 cub. ft. 8. 2§ sq. ft.
. 6 ft. 10. 5 cub. ft. 11. &8 cub. ft.
EXERCISE XXIV.
. 9% sq. ft. nearly. 2. 674 sq. ft. 8. 847 sq. ft.
1%2? 8q. ft. 5. 93 cub. ft. 6. 247} cub. ft.
. 433 ft. 8. 26149 sq. ft. 9. 14:235 cub. ft.
£6 13s. 53d. 11, 177014 &q. ft. 12, § cub. ft.
51 cub. ft. 14. 251-328 sq. ft.
5 cub. yds. 9 cub. ft. 648 cub. in. 16, £26 14s.  17. 408 sq. in.
20 pts. 19. 894 sq. ft.
EXERCISE XXV.
109 cub. ft. 133 cub. in. 2. 1 cub. ft. 162 cub. in.
8344Y cub. ft. 4. 646 ft. 5. 5} cub. ft. 6. 5512 cub. ft.
173 sq. ft. 8. 83-136 cub. ft. 9. 180 cub. in.
18¢ cub, ft. 11, 1485 sq. in. 12. 7¢ cub. ft.
8 sq. It. 14, 24 cub. ft.  15. 3} sq. ft. 16. 2-078 cub. ft.
EXERCISE XXVI.
2173 cub. in. 2. 242 cub, in. 8. £§ cub. ft.
*0103 cub. in. 5. 5% cub. ft. 8. 71% cub. in. necarly,
79} cub. in. 8. Y516 cub. in. 9. 1211} cub. in.
491 cub. in. nearly. 11. 2;} cub. ft. 12. 1063 cub. in.
654 cub. ft. 14. 174 cub. in. nearly.
Flat ring is 8% cub. ft. larger.
EXERCISE XXVIL
4947 sq. ft. 2. 974-25 cub, ft. 8. 5542+4 cub. ft.
4156°8 cub. ft. 5. 3466145 cub. yds. 6. £16 13s. 4d.
Asl: 7. 8. 13098 cub. ft. 9. T44 sq. ft.
311°769 cub. ft. 11, 7372 cub. ft. 12. 60 sq. ft.
11052 sq. in. 14, 262 cub. ft. 15. 98 sq. ft.
400 cub. ft. 17. 6326 sq. yds. 18. 2500 cub. ft.
Equal 20. Asa:h . 21, As19:8,
As91:117:8. 28, 181} cub. ft. 24. £28 2s. 4d.
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EXERCISE XXVIIL

8. 6007 cub. fi.
6. 70°7 cub. ft.
9. 26514 cub. it.
12. £30.
15. £4 12, 2}d.
18. 7434 cub. ft.
2. As19:7: 1

8. 30402-8 gals.
8. 37000 cub. ft.
9. 138 sq. ft.
12, 176 sq. ft.

8. 355 tons nearly.
8. 7 cub. ft. nearly.
9. 17799 cub. ft.
12, 2-912 tons.
15. 1654 cub. ft.

8. 84 cub. in,

6. 556 in.

9. 11728 cub. yds.
12, £3989 17s. 6d.

ft. 4, 18+9.

s 7. 8, 44 in.
11, 6 in.
14, 6s. 8d.

19. As 125:64.

1. 6119 sq. ft. 2. 838 yds.
4. 183} cub. ft. 5. 4208 sq. ft.
7. 12 ft. 4 in. 8. £19 11s, 1}d.
10. 202°65 cub. ft. 11. 19-24 cub. t.
13. £7 14s. 6d. 14. 5683 cub. ft.
16. 10°77 in. 17. 2 sq. ft. 45°8 sq. in.
19. 85 cub. ft. 2. AsT7:1.
22. 89% cub. ft.
EXERCISE XXIX.
1. 14} sq. ft. 2. 18443 cub. yds.
4. 76V cub. in. 6. 76:76 cub. ft.
7. 41} sq. ft. 8. 574/3 cub. ft.
10. 2960505 gals. 11. £419 3s. 10d.
EXERCISE XXX,
1. 16115 sq. ft. 2. 1186°6 cub. ft.
4. 4015 cub. ft. 5. 35°6 sq. ft.
7. 744 cub. ft. 8. 200 sq. ft. nearly.
10. 447% cub,. ft. 11, 154°7 gals.
18, 85 sq. in. 14, 20-36 sq. ft.
16. 23-88 cub. ft. 17. 251-8 gals.
EXERCISE XXXI.
1. 45 cub. in. 2. 320 cub. in.
4. 112 cub. in. 5. 92 sq. in.
7. 293 cub. in. 8. 405} cub. in.
10. 16§ cub. yds. 11. 24954 cub. yds.
18. 500 cub. in.
EXERCISE XXXII
1. 1-26 ft. 2. 1-09 ft. 3. 832
5. 4018 in. 6. 11-11 ft. 7. As1
9. 16207 in. 10. As 64 125.
12. As 2:3. 18, 103/3 in.
15, V:V,:: 4:5 inversely as heights.
18, 8: 8, ::4:3 inversely as radii.
17. 174 in. 18. 51 cub. ft. _
20, Height of cylinder : height of prism : : 214/3 : 275.
21 Asl:7.
EXERCISE XXXIIL
1. 154 sq. fu. 2, 3-09 ft.

8. 6534 cub. ft.
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4, 107 in. 5. 94 cub. in. 6. 1353 cub. in.

7. 1364 sq. ft. 8. 223 in. 9. 7094 lbs.

10. 823-2192 cub. in. 11. 1 in. 12. } of the surface.

13, £237 10s. 14. i 16. 2932},

16. Wi‘o'" ft.=2-8 in. 17. 1657-4 ft. 18. As 16:15. 18. 121bs.
20. 15°708 ft. 2L AsW/ZI: /I 22 9in.

23. O:8::%/21: ¥11.24. 25 sq. in. 25. 15 ft.

26 3/3:1 27. 244 in. 2. 1, (%) (L12)%

EXERCISE XXXIV.

1 12rsq.in. % 68rsq.fi. 3 2 4 pfy et tons

5. 48 sq. ft. 6. 5236 cub. ft. 7. 208'59 cub. ft. 8. 2 ft.
9. 8900 miles.  10. 51°07 sq. ft.  11. 30843 sq. ft.
12. 4990 miles. 18, 126-2mls. 14 2207 sq. ft.  15. 104/2.

16. ¥/10. 17. 8 ft. 18. 2. 18. 32+4 cub. ft.
20. 6211 cub. ft. 21. 111} cub. ft.
, EXERCISE XXXV.

1. £5 5s. 4}d. 2. 4s. 64d. 8. £2 12s. 10}d.

4, £8 3s. ‘l%dfl 5. £12 %gs. 6. £326 8s. o

7. 75§ cub. ft. 8. £161 8s. 9. £233 17s. 9d.; 864 planks.
10. £315s. T3d. 11, £15 15s. 12, 128} cub. ft.
18, 11-22 ro. 14, £144. 15. £106 17s. 6d.
16. £30 15s. 17. 50 cub. ft, 18. £46 8s. 13d.
19. 27%. 20. 33% cub. ft. 21. 48 cub. ft.
22, 11143 ro. 23, £55. 24. £36.
25. £5 11s. 53d.

XLIL.—MISCELLANEOUS EXERCISES ON SOLIDS.
I

1. 645 ft. 2. 19-428 in. 3. 37885 cub. yds.
4. 93:04 lbs. 5. 17s. 3%d. 6. 477 cub. in.
1L

1. 9-34 ft. 2 71'574 cub. ft. 8. 17 ft.; 254 ft.

4. 17 cwt. 21 lbs. 5. 3856 gals. . 6. 4826} cub. ft.
111,

1 ga} cub. ft. 2. £2 158, 3. 9 sq. ft.

4 H=D. 5. 20178 gals. 6. £29 14s.
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1v.
. 12 ft. 3 in. 2. 781 ft. 8. 11:46 sq. in.
. 249°4152 cub. ft. 5. 50316 miles 8. 6 sq. ft.; 4:836 ;. ft.
V.
. 10392 ft. 2. 2047 cub. ft. 1572 cub. in.
. 43552 gals. 4. = cub. ft. 5. One-half the radius.
. Cylinder = 18-85 sq. ft. ; sphere = 1646 sq. ft.
VI
£5 9s. 13d. 2. 745 in. 8. 801 ft.
6013 1bs. 5. 19779 cub. ft.
Cube, 1 cub. ft.; sphere, 1-382 cub. ft.
VIL
502656 1bs. 2. 29:96. 8. 83 : 518 : 399.
1034 gals. 5. As3: 5. 6. 796 in.
VIIL
. 2 in, 2. 10} sq. ft. 8. 7 ft. 24 in.
agtx%% 5. 99471 ia. 6 Asl % 1-2407.
IX.
. 3414% in. 2. 15 ft. 9in.; 16 ft. 2in. Yes.
. 9cwt. 1 gr. 26 Ibs. Oy% 0z. 4. 26°272 cub. in.
5% in. 6. 1 ft. 11 in. deep, 5 ft. 9 in long.
X.
. 127-234 cub. ft. 2. 83026 cub. ft. 8. 157°08 sq. ft.

. 1°1412 cub. ft. 5. £103 12s. 7353d. 6. 584 lbs.

XLIIL—MISCELLANEOUS EXERCISES (GENERAL).

I.
226% sq. in. 2. 100 tons nearly. 8. 39172 cub. yds.
18 miles. 5. £42 15s. 6. 66233 gals.
II.
6 ft, 2. 18327 ft. 8. 1: 506880.
441963 tons 5. 502856 cub. ft. 6. 78 yds. and 58 yds.
III.
. 464765 in. 2, £24 10s. 8. 137 sq. ft. 127-69 sq. in.

4% ft, 5. 864. 6. 51416 sq. in.
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1. 595 fi.
4. £518s. 113d.

1. 9:44/3
4. 32384 yds

1. 3 ac. 3 ro. 35po
4. 486 sq. y

1. 2:52.
4. 1s. 3d.

1. *577 and *816 ft.

4. 66 1bs. 1031 ozs.

1. 3-39 in.
4. 2:315 hrs.

IV.
., 25 ch.
5. % sq. in.
V.
2. 8:5942 cub. ft.

g

VI

2. 3,517
5. 472 sq. ft.

VIL

2. 1512 in.
5. 6ft.; 4k (6.5 3 Mt

VIIIL

" 2. 9360 cub. ft.

5. 171709 sq. ft.

IX.
6 yds.; 1 yd.
£6 17s. 94d.
X.

2. 2513-28 cub, ft.
5. 1607% cub. in.

8. 5 ft.
8. 509-208 cub. in.

3. 6:349 ft.
6. £2 5s. 13d.

8. 1728.
6. £1417s.

8. 2673 cub. in.
6. 4318934-235 sq. ft.

3. 1515 Ibs.
6. 12:5664 sq. ft.

8. 754'72 sq. ft.
8. 3 ft. 048 in.

3. 243'55 sq. ft.
6. 168 sq. in.

XLIV.—EASY EXERCISES.

1. 20 sq. ft.
4. 360 ch.

B
=t
=8

>

&8

.3
=

I.—O~ MEASUREMENTS.

A,

2. 24 cub. ft.
5. 484 sq. yds.

B.

2. 759% ac.
5. 1870 yds.

C.

2. 612} sq. ft.
. 7731 ft.

3. 110 yds.
8. 10 sq. ch.
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II.—ON PARALLELOGRAMS.

A.
1. .Length x perpendicular height = area. 2. 20 sq. yds.
8. 1050 sq. in. 4. 131} ac. 5. 30 yds. 6. 1125 sq. yds.
B.
1. Square the side. 2. Area = one-half of the square of the diagonal,
3. 2 ac. 4. 72 sq. ft. 5. £13 6. 84. 6. 352 yds.
C.
1. Take the square root of the area.
2. Take the square root of twice the area. 8. 22 yds.
4. 110 yds. 5. 220 yds. 6. £47s. 6d.
' D.
1. Divide the area by the side 2. 36 ft.
8. 4ft. 4. 18 ft. 5. £4 16s. 8. Ts. 6d.
III.—ON TRIANGLES,
A.
1. Take the square root of the sum of the squares of the base and
perpendicular. 2. 15 ft. 8. 20 ft.
4. 50 miles, 5. 880 yds. ‘8. 112} sq. ft.
B.
1. Take one-half of the product of the base and perpendicular.
2. }ac. 3. 75 ft. 4. 25s. 5. 119. 8. bs. 4d.
C.
1. Let s =‘L;+c Then area = 4/ 8:5 — @ +8 — beg — ¢

2. 152 ft. 8. 11°6 sq. in. 4. 15 ft. 5. 15 ft. 6. 2% ft.

IV.—MiscELLANEOUS.

A,
1. 7} ac. 2. 119 sq. ft. 3. 3586 yds.
4, 464 sq. yds. 5. 20 yds.” 6. 8 ft.

B. :
1. 294 sq. yds. 2. 26 sq. ft. 3. 170 sq. in,
4. 352 yds. 5. 15 ft. 8. 36 ft.

'~ V.—Ox CrrcLEs.
A,

1. Multiply the diameter by =,
2. The ratio of circumference to diameter = 33,
3. 22 ft. 4. 22 ft, 5. 11 ft. 6. 110 yds.
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B.

1. Multiply the square of the diameter by one-fourth of a.

2. Multiply the square of the radius by .

3. 9% sq. ft. 4. 381 sq. ft. 5. 124 sq. ft. 6. 88 ft.
C.

1. Divide the circumference by =.
2. Divide the circumference by 2.
8. 3 ft. 4. 10} ft. 5. 143 ft. 8. 560 yis.
D.
1. Divide the square of the circumference by 4x. 2. 50}¢ ac.
8. 38%sq.yds. 4. Asll:14. 5. As1ll:14. 6 78%sq. ft.
E.
1. Take twice the square root of the area divided by =.
2. Take the square root of the area divided by .
3. 14 yds. 4. 21t 5. 6 ft. 6 As7:22.
F.
1. Twice the square root of = times the area. 2. 44 yds.
3. 22 yds. 4. 11 ft. 5. As2,/2:3. 6. 220 yds.
G.
1. Multiply the product of the sum and difference of the outer and
inner radii by =.
9. 330sq.in. 3. 462sq.ft. 4 T8ac. 5. 10ft. 6. 960.

VI.—ON SEecroms.
A.
1. A surface bounded by two radii of a circle and the arc of the circle

between these radii.
2. Take one-half of the product of the length of the arc and the

radius.
8. 35 sq. ft. 4. 17} sq. yds. 5. 100 sq. ft. 6. 38} sq. ft.
B.

1. 27} sq. ft. 2. 44 sq. It. 8. 90°.
4. 120° : 5. 120 sq. ft. 8. 173} sq. ft.

VIL—O~ CHORDS AND SEGMENTS.
1. A line drawn through a circle terminated each way by the circum-

ference.
2. A surface bounded by a chord and the arc which the chord cuts off.
8. 8 ft. 4. 5 ft. 5. 5 ft. 8. 4 ft.

VIIL—ON TaE ELLIPSE.
1. Multiply the product of the two diameters by one-fourth of =.
2. 55 sq. ft. 8. 132 sq. ft. 4. 11 ac.
6. 264 sq. ft. 6. As7:6. '
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IX.—MISCELLANEOUS.
1, 124 ac. 2. 2ft. 1in, 8. £6.
4. 104 ft. 5. 12 ft. 8. 5 ac.
X.—ON STANDARDS OF CAPACITY.
1. 10 lbs, 2. 277iscub. in. 8. 62} lus.
4. 6} gals. 5. 1} lbs. 6. 3451 cub. in.
XI.—ON THE PARALLELOPIPED.

A.
1. 64 cub, ft. 2. 96 sq. ft. 8. 500 lbs.
4. 9 cub. ft. 8. 27 sq. ft. 6. 0 yds.

B.
1. 6 yds. 2. 2400 cub. ft. 8. 10 in. cube.
4. 13 ft. 8. 1554 gals. 6. 750 lbs.

C.
1. 72 2. 15s. 3. 562} tons.
4. 108. 5. 37 sq. ft. 6. 2 it.

XII.—ON PrisMs axDp CYLINDERS.

1. Multiply the area of the base by the perpendicular height.
2. 144 cub. in. 8. 96} cub. ft. 4. £4 10s. 9d.
6. 1200 gals. 6. 12% cub. ft.

XII1.—Ox CoNES AND PYRAMIDS.

1. Multiply the area of the base by one-third of the perpendicular
height. 2 Asl:3.

8. Take the square root of the sum of the perpendicular and radius of
the base.

4, Multiply the circumference of the base by half the slant height.

5. 600 cub. in. 6. 48 cub. ft.

XIV.—MIsCELLANEOUS.
1. 25 ft. 2. 675 sq. ft. 3.
4. 885 cub. ft. §. 30 cub. in. 6. 2131 w
XV.—ON THE SPHERE.

1. Multiply the cube of the diameter by one-sixth of =.
2 As21:1L 8. As2:3. 4. 22}1 cub. ft.
8. 444 cub. ft. 6. As21:11.
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8. As9:16.
6. As8:27.

and 5—:~/G
8. 1884 sq. ft.

6. 200 miles.

2. 35 sq. ft.
5. As16:25, *

8. 10, 15.
8. 30.

8. 520 sq. ft.
6. 191’{ 8q. ft.

8. 88 sq. ft.
6. 132 sq. ft.

8. 15 ft.
8. 56 miles,

3. 462 sq. ft.
8. 480 times.

8. 644 sq. yds.
6. £7.

2. 132 sq. ft.

XVI.—MISCELLANEOUS.
A
1. As9:16. 2. As27:64.
4 As27:64. 5. As7,/3:33,
B.
504/3
1. 25,/2. =
8. 54sq.ft. 4 28%sq. ft.
C.
1. Take one-balf the product of the two diagonals.
3. 10°825 sq. ft. 4. 2°598 sq. ft.
6. 30% sq. ft.
D,
1. As1:36. 8. As1:660.
4. As1:2504 5. 3:24/3:
E.
1. 25 ft. 2. 125 sq. ft.
4. 2:¥/27 8. 20 sq. yds.
F.
1. 1540 cub. ft. 2. 14 yds.
4. 110 sq. ft. 5. 616 sq. ft.
G.
1. As228: 78, 2. £3.
4 As21:11. 5. 30 cub. ft.
H.
1. 80 sq. yds. 2. 1414 yds.
4, 3465 ac. 8. 60 plots.
I
1. 23} sq. yds. 8. 58 ft.
4, £4 1s. 8d. 8. £1 9s. 3}d.
K.
1, 154 sq. ft. 2. 28 cub. ft.
4. £11 11s. 5. 21:% cub. ft.

6. 14 fit.
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XLVIII.—HARD EXERCISES.

1 9:4. 2. 8in.
4, 27 cub. ft 8. 1067 cub. yds.
7. 19°59 in. 8. 73416 ft.
'10. 1964 in. 12, 1964 yds.
14. % cub. ft: 15. 254469 cub. ft.
17. 82-729 cub. in.; 169-64 sq. in.
19. 78-617 sq. in. 20. 180 yds. 5 in.
22, 300. 28. 9 in.; 438'9 cub. in.
25. 92:1533 cub. in.  26. 10686 sq. yds.
28. 460047 tons. 29. 30°041 in.

81, 12612600 gals. ; 29594565000 tons.
83, 49-582 cub. in.
85. 77'8 miles. 38. 25457 cub. in.
88. 3'464 sq. in.; 121736 cub. in.

40, 7-444 in. 41. 7406 miles an hour.
43, 5:823 in. 44. 326858 sq. in.
46. 4°626 in. 47. %; 70° 38,

49, 25% cub. in. 50. 3854'6 cub. ft.; 394 ft.
51. 307-88 5q. in.; 494'28 cub. in.

63, 997 in. §4. 95°23 sq. ‘miles.

56. 896:76 cub. in.
58, 215 per cent. 59. 20828300.
61. 2:28 cub, in ; 6156 cub. in.

64. 392 in. 65, 436°5 miles.

SANDHURST.
1. 19497 sq. in.; 1949-7 cub. in.

62. 15-92 miles.

8. 30350°9.

6. 491-07.

9. 600 cub. f¥.

13. 2391 ac.

16. The former.

18, 282:744 cub. in.
21. 00404 ; 0°0805.
24, 0°9427 sq. in.
27. 0463 in.

80. £127 4s. 102dn
82, 2:545 ft. per seo

84. 11943 cub. in.; 147°714 sq. in.

87. 1-0272 sq. in.

89. 565488 sq. ft.

42, 09317 im.; 25 in,
45. 1255 cub. in.

48, 766°44 yds.

52. 10600 cub. ft.
55. 11'7 miles.

57. 16343 sq. in.; 79°62 cub. in.

60. 163 in.
63. 64638

66, 2:0926 ft.

2. 3417825 sq. ft.

8. 950 sq. yds. 4. 9-4248 cub. ft. 5. 183} sq. in.

6. 0-5418 ft. 7. 1612°5 sq. ft. 8. 41888 cub. in.; 5236 cub. in.
9. £833 17s. 3d. 10, 143 yds. 11, 10} in.

12, 93:976 sq. in. 13. 18897 sq. ft.

14, 92+4 8q. in.; 14941 in. 15, 20 ft.
17. 4 in. 18, 1-245 in.
20, 933'55 cub. in,; 1381'70 cub. in.

16. 1'3 ft.; 8168 sq. ft.
19, 1in,
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WOOLWICH.
1 122:45 ft, 2, 45°, 8. 233°5 ft.; 23905 tons.
4. 165°748, 5. 0'563119 ft. 8. £19958.
7. 12217 cub. in. 8. 190°76 sq. ft. 9. 7+43 ft.

10. 96 cnb. in.; 13853 sq. in. 11, 2-338 tons. 12. 2096 sq. yds.
18. 1327 eq. ft. 14, 22:66 sq. yds. 15, 2737 in.



A Selected List of School Wooks.

HAMBLIN SMITH’S MATHEMATICAL SERIES.

ARITHMETIC. By J. HAMBLIN SMITH, M.A., of Gonville and Caius
Colle; G‘fe and late Lecturer in Classics at St. Peter’s College, Cambridge. Crown 8vo.,
A K Coples may be had without the Answers.) .

EXERCISES in ARITHMETIC. Arranged and Adaj }})ted to the Sections
in Hamblin Smith’s * Treatise on Amhrnenc ” By J. AMBLIN SMITH, M.A.
A('.,I‘r%v;n 8vo., 6’1 with Answers, as. ; without Answers, 1s.

A SHILLING ARITHMETIC. For the Use of Elementary Classes and
Preparatory Schools. Fcp. 8vo., 1s. With Answers, 1s. 6d.

ELEMENTARY ALGEBRA. 6’;7 J. HamBLIN SmiTH, M.A. Crown
AsioEYm;sh or with s, 35, A s sep ly, 6d.

EXERCISES on ALGEBRA. By J, HAMBLIN SMITH, M.A. Crown 8vo.,
2s5. 6d. (Copies may be had without the Answers.)

An ELEMENTARY TREATISE on the METRIC SYSTEM of
VéoElGls-ITS and MEASURES. With Exercises, . Exampl and A S.
wn 8vo., 25.

ELEMENTARY TRIGONOMETRY. By J. HAMBLIN SMITH, M.A.

Crown 8vo., 43. 6d.
A KEY, 7s. 6d.

ELEMENTARY STATICS. ByJ. HAMBLIN SMITH, M.A. Crown 8vo., 3s.
ELEMENTARY HYDROSTATICS. By J. HAMBLIN SMITH, M.A.
Crown 8vo., 3¢.
A KEY to sﬁ{'rlcs and HYDROSTATICS. 6s.
GEOMETRICAL CONIC SECTIONS. By J. HAMBLIN SMmITH, M.A.
Crown 8vo., 35. 6d.

-ELEMENTS of GEOMETRY. By J. HAMBLIN SMITH, M.A. Contain-
ing Books I. to VI., and portions of Books XI. and XIIL of Euchd. with Exercises
and Notes, arranged "with the Abbreviations admi in the C: ge Uni y and

Local Exammanons Crown 8vo. 6d.
Books I and 11 may be had separaiely, Limp cloth, 5. 6d.
A KEY, 8s. 6d.

BOOK of ENUNCIATIONS for HAMBLIN SMITH’S GEOMETRY,
ALGEBRA, TRIGONOMETRY, STATICS, and HYDROSTATICS. Smal)
8vo., 15,

An INTRODUCTION to the STUDY of HEAT. By J. HAMBLIN
Smith, M.A. Crown 8vo., 3.

LONGMANS, GREEN, & CO.
LONDON, NEW YORK, AND BOMBAY.



A SELECTED LIST OF SCHOOL BOOKS.

LONGMANS’ SCHOOL ARITHMETIC. By F. E. MarsHALL, M.A.,
late Foundation Scholar of Trinity College, Cambndge. and J. W, Wersrorp, M.A.,
late Fellow of Gouville and Caius College, Cambn ge ; Assistant Masters at Harrow

School. Crown 8vo., 35. 6d. The book can be had with and without Answers at the
price as above.

LONGMANS' JUNIOR SCHOOL ARITHMETIC. An Arithmetic for
Beginners, Mental and Practical. Fcap. 8vo., 1s. With Answers, 1s. 64,

LONGMANS' ELEMENTARY MATHEMATICS. Contammg Arith-
metic; Euclid, Book I.; and Algebra. Specially ad i
Science and Art Deparuunt. Crown 8vo., 2s.

LONGMANS’ JUNIOR SCHOOL ALGEBRA. By WILLIAM S. BErARD,
F.R.G.S., Assistant-Master in Christ’s Hospital. Crown 8vo., 1s. 64d. With

wers, 25.
LO\TGMANS’ ELEMENTARY TRIGONOMETRY. By Rev. FREDERICK
SPARKS late Lecturer of Worcester College, Oxford ; Mathematical Tutor,

Manor f{ouu, Lee. Crown 8vo., as. 6d.

The ELEMENTS OF PLANE and SOLID ME‘TSURATION. With
Copious Exaniples and Answers. By F. G. BRABANT, M.A. 3s. 6d.

EXPLANATORY MENSURATION. Containing numerous Examples,

and embodymi_l y of the Questions set in the Local Examination Papers. By the
Rev. ALFRED HiLEY, M.A. 12mo., 25.

PRACTICAL MENSURATION. Illustrated bl¥ 700 practical Examples
and 700 Woodcuts. By A. NESBIT. 12mo., 3s. 6d. 'y 5o

PRACTICAL LAND-SURVEYING. For the Use of Schools and Private

_ Students. By A. Neseit. Edited by W. BURNESS, FR.A.S. With 14 Platu,
221 Figures, and a Field-Book. 8vo.,, 12s.

The HARPUR EUCLID; an Edition of Euclid’s Elements revised in
accordance with the Repons of the Cambndfe Board of Mathematical Studies, and
the Oxford Roard of the Faculty of Natui By E. M. LaNGLEY, M.A.,
Senior Mathematical Master, the Modern School, Bedford and W. S. PuiLvips, M. A..
Senior Mathematical Master at Bedford Grammar School, Crown 8vo. Book I., 1s.
Book I1., 1s. Books I. and II., 2s. Books III. and IV., 2s. Books I.-IV., 3s. 6d.
V VI., and XI. 1-21, 2s. '6d. Books I.-VI. and XI. 1-21, 45.

TEXT-BOOK on PRACTICAL, SOLID, and DESCRIPTIVE GEO-
METRY. ByDavip ALLAN Low, Principal of the People’s Palace Technical School,
London. Crown 8vo. Part I., with 114 Figures, 2s. Part IL, with 64 Figures, 3s.

PRACTICAL PLANE and SOLID GEOMETRY, mcludmg G lglm:

Arithmetic. By I. HammonD Morris, South Kensmﬁton "Art Departm ully
llluﬁsgated with Drawings prepared specially for the book by the Author Crown 8vo.,

2s.
GEOMETRICAL DRAWING or ART STUDENTS. Embracing Plane
y and ns , the use of S@ and the Plans and Elevations of
Sohdsas quired in Section I. of S ject I. By L. H. Mogris. Crowa 8vo.,

1s. 6d.

GEOMETRICAL DRAWING. For the Use of Candidates for Army
Examinations, and as an Introduction to Mechanical Drawing. By W. N. WiLson,
M.A., Assistant Master at Rugby School. Crown 8vo., 4s. 6d.

LONGMANS, GREEN, & CO.
LONDON, NEW YORK, AND BOMBAY.



APPROVED SCHOOL-BOOKS.
By the Rev. JOHN HUNTER, M.A.

SHAKSPEARE'S PLAYS; with Explanatory and Illus-

trative N Critical Remarks, and other Aids to a thorough understanding of
uch'lghy‘?.e..:................kf.’ ....... Crownan.pﬂonx:ugmu.mauch Play,

MILTON’S PARADISE LOST; with a Prose Paraphrase,
the Parsing of the more Difficalt Words, Specimens of Analysis, and numerous Notes.
Books I. to V. price 1s. each.

EXAMINATION-QUESTIONS for Middle-Class Candidates
on the FIRST TWO BOOKS of MILTON’S PARADISE LOST, price 1s., and on
SHAKSPEARE’S MERCHANT of VENICE, price 6d.

BACON’S ESSAYS; with Critical and Tllustrative Notes;

> Examination-Paper on the Essays.
and an Example with Answers of an per ch"wn 8vo. 35, 64,

MILTON'S SAMSON AGONISTES and LYCIDAS;

with Notes expl Pecullarities of G Diction, &0ceceececooasns 12mo. 1z,

-1

MILTON’S COMUS, L’ALLEGRO, and IL PENSE-

ROSO; With NOte8 ¢eveeerroceecasarncaceesccsssssssossssecssscscnse «s.13mo. 18.

MILTON’S ARCADES and SONNETS; with Nutes.lm .
0, 18.
POPE'S ESSAY on MAN ; edited with Annotations.

Fep. 8vo. 13. 6a.

JOI;NSON’S RASSELAS; wit};L Introductory Remarks,
xpl A i

'y and G fcal tations, &C. cocevecenccecciocanees 12mo. 23, 6d.

TEXT-BOOK of ENGLISH 'GRAMMAR: Etymology

and Syntax, Parsing and Punctuation, Vocabulary and English Grammatical
BibHOBTAPRY . ceceeeererurosrscsassesrcssssanteseseeesscccsnccssnsen 12mo. 2s. 6d.

EXERCISES in ENGLISH PARSING...............12mo. 6d.

PARAPHRASING and ANALYSIS of SENTENCES,

simplified for the use of Schools, forming a Manual of Instruction and Exercise for
the use of Students, Teachers, &C.ee.etcesceacecanseanons 12mo. 1s. 3d.—Kgy, 1s. 3d.

SCHOOL MANUAL of LETTER-WRITING: Models of
Letters on Commercial and other Subjects; with Exercises in Epistolary Composition.

Explanations of Abbreviated Titles, Commercial Terms, &c. .. ..c000.. 12mo. 1s. 6d.
MODERN STUDIES in INDEXING and PRECIS of
CORRESPONDENCE for the use of Civil Service Candidates...ceqeo ... 12mo. 33, 64

INTRODUCTION to the WRITING of PRECIS or

DIGESTS, as applicable to Narratives of Facts or Historical Events, Correspondence,
Evidence, 'omﬁf Documents, and General Compusition ,..e.e.. 12mo. 2s.—Kgr, 1s.

COMMERCIAL PRECIS-WRITING; with Examples of
making Digests of Commercial Correspondence ..e.e.cecessssssss.Fep, 8vo. 12, 6d.

LONGMANS, GREEN, & CO.
LONDON, NEW YORK, AND BOMBAY.



APPROVED SCHOOL-BOOKS.
By the Rev. JOHN HUNTER, M.A.

NEW SHILLING ARITHMETIC; a Trestise for Be-

A MANUAL of SHORT METHODS in ARITHMETIC

thUndmmummmw Business and
With Answes............ 18m0. 1s, 64.—KEY, 22

MODERN ARITHMETIC; a Treatise adapted for School

‘Work and for Private Study, hlﬂo(dnl’lmuﬁm

dates for Public Examinatlons «...ccccceeeeeerssceccancsesascscscersanssssse 12mo. 3. C‘—KI\', [ Y

SOLUTIONS of QUESTIONS m ARITHMETIO and
mommGMhﬁnclﬂlw blished in the d. oﬂhﬁ(
lish Report of the Commisioners; with & SUPPLEMENT ing Ky inA -Btates, &0

14mo. 1s. 64

The ART of SOLVING PROBLEMS in HIGHER ARITH-

mc;vm-mnmumammmwm ‘With Answers,
Crown 8vo. 3s. 64 —Kxv, . 64.

BEGINNINGS IN BOOKKEEPING for COMMERCIAL
Fep. Bro. 1. 64 ~KET, fep. Bva. 31, 64,

SELF-INSTRUGTION m BOOKKEEPING, a Treatise

lxpunlngslmpl] and by dples and Practl olthnsinllnlndbonb’l:

..................................................................................

STUDIES in DOUBLE-ENTRY BOOKKEEPING for the

PROGRESSIVE EXERCISES in BOOKKEEPING by

DOUBLE ENTRY, Accounts, Private Ji and
incloding Account-States, Partnership ts, mnu_h‘lﬁua“

EXAMINATION-QUESTIONS in BOOKKEEPING by
DOUBLE ENTRY, preceded by fall Diestionsfr the Troe Biating ol Dr. and Cr. ...13mm0. pris 1.
SUPPLEMENTARY BOOKKEEPING by DOUBLE

ENTRY; a Course of Instruction in the Higher Forms of Civil Service Examination.. .. Crown 8vo. 3z

RULED PAPER for the va.nous Forms of Account-Books

required in HUNTER'S k 6 sorts, price 1s. 6d. per quire.
An EASY INTRODUCTION to the HIGHER TREATISES
on the CONIC BECTIONB .....cvviurucerececrsrsaseceresasnsacasasacsansses 13m0, 3s. 64 —KEY, 2.

COLENSO & HUNTEB’S INTRODUCTOBY ALGEBRA,

............ ..18m0. 2s. &4.—KXY, s, 6d.

ELEMENTS of PLANE TRIGONOM.ETRY with

numerous Plobhnu. .......... 18mo. 1s.—KzY, 8.

ELEMENTS of. MENSURATION with numerous

..... ..18me. 1la.—K=v, 1a

LONGMANS, GREEN, & CO.
LONDON, NEW YORK, AND BOMBAY.






Digitized by GOOS[G






Digitized by GOOS[Q



